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Beam Physics with Intense Space Charge
Instructors: John Barnard and Steven Lund, Lawrence Livermore National Laboratory 
Purpose and Audience
The purpose of this course is to provide a comprehensive introduction to the physics of beams with intense
space charge.  This course is suitable for graduate students and researchers interested in accelerator systems
that require sufficient high intensity where mutual particle interactions in the beam can no longer be
neglected.  Prerequisites: undergraduate level Electricity and Magnetism and Classical Mechanics.  Some
familiarity with plasma physics, special relativity, and basic accelerator physics is recommended but not
required.  
Objectives
This course is intended to give the student a broad overview of the dynamics of beams with strong space
charge. The emphasis is on theoretical and analytical methods of describing the acceleration and transport of
beams.  Some aspects of numerical and experimental methods will also be covered.  Students will become
familiar with standard methods employed to understand the transverse and longitudinal evolution of beams
with strong space charge.  The material covered will provide a foundation to design practical architectures. 
Instructional Method
Lectures will be given during morning sessions, followed by afternoon discussion sessions, which will
engage the student on the material covered in lecture. Daily problem sets will be assigned that will be
expected to be completed outside of scheduled class sessions.  Problem sets will generally be due the
morning of the next lecture session.  A final take home exam will be given on the second Thursday, and will
cover the contents of the entire course. Two instructors will be available for guidance during evening
homework sessions.
Course Content
In this course, we will introduce you to the physics of intense charged particle beams, focusing on the role of
space charge.  The topics include: particle equations of motion, the paraxial ray  equation, and the Vlasov
equation; 4-D and 2-D equilibrium  distribution functions (such as the Kapchinskij-Vladimirskij,  thermal
equilibrium, and Neuffer distributions), reduced moment and envelope equation formulations of beam
evolution; transport  limits and focusing methods; the concept of emittance and the calculation of its growth
from mismatches in beam envelope and from space-charge non-uniformities using system conservation 
constraints; the role of space-charge in producing beam halos;  longitudinal space-charge effects including
small amplitude and rarefaction waves; stable and unstable oscillation modes of  beams (including envelope
and kinetic modes); the role of space charge in the injector; and algorithms to calculate space-charge effects
in particle codes. Examples of intense beams will be given  primarily from the ion and proton accelerator
communities with  applications from, for example, heavy-ion fusion, spallation neutron sources, nuclear
2
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waste transmutation, etc.
Reading Requirements
Extensive class notes will be provided that will serve as the primary reference.  (To be provided by the
USPAS) "The Theory and Design of Charged Particle Beams" Second Edition, Updated and Expanded by 
Martin Reiser, Wiley & Sons 2008. 
Credit Requirements
Students will be evaluated based on performance: final exam (20 % of course grade), homework assignments
(80 % of course grade).
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I. Introduction
         (related reading in parentheses)
Particle motion  (Reiser 2.1)
Equation of motion (Reiser 2.1)
Dimensionless quantities (Reiser 4.2)
Plasma physics of beams  (Reiser
3.2, 4.1)
Emittance and brightness  (Reiser 3.1
- 3.2)
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
John Barnard
Steven Lund
USPAS
June 2008
II. Envelope Equations
Paraxial Ray Equation
Envelope equations for axially 
symmetric beams
Cartesian equation of motion
Envelope equations for elliptically
symmetric beams
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Roadmap:
Single particle equation with Lorentz force
q(E + v x B)
⇓
Make use of:
1. Paraxial (near-axis) approximation
(r << 1/kβ0 and x' =vx/vz << 1)
2.  Conservation of canonical angular momentum
3. Axisymmetry f(r,z)
⇓
Paraxial Ray Equation for Single Particle
Next take statistical averages over the distribution
function
⇒ Moment equations
Express some of the moments in terms of the rms
radius and emittance
⇒ Envelope equations (axi-symmetric case)
Some focusing systems have quadrupolar symmetry
Rederive envelope equations in cartesian coordinates
(x,y,z) rather than radial (r,z)
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
1
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n*
St
ev
en
 M
. L
un
d
La
w
re
nc
e L
iv
er
m
or
e N
at
io
na
l L
ab
or
at
or
y 
(L
LN
L)
St
ev
en
 M
. L
un
d 
an
d 
Jo
hn
 J.
 B
ar
na
rd
“B
ea
m
 P
hy
sic
s w
ith
 In
te
ns
e S
pa
ce
-C
ha
rg
e”
U
S 
Pa
rti
cle
 A
cc
ele
ra
to
r S
ch
oo
l
U
ni
ve
rs
ity
 o
f M
ar
yl
an
d,
 h
el
d 
at
 A
nn
ap
ol
is,
 M
D
16
-2
7 
Ju
ne
, 2
00
8
(V
er
sio
n 
20
08
06
24
)
* 
Re
se
ar
ch
 su
pp
or
te
d 
by
 th
e U
S 
D
ep
t. 
of
 E
ne
rg
y 
at
 L
LN
L 
an
d 
LB
NL
 u
nd
er
 
   
co
nt
ra
ct
 N
os
. D
E-
A
C5
2-
07
NA
27
34
4 
an
d 
DE
-A
C0
2-
05
CH
11
23
1.
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
2
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
ati
on
s: 
Ou
tli
ne
1)
   
Pa
rti
cle
 E
qu
at
io
ns
 o
f M
ot
io
n
2)
   
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n 
in
 L
in
ea
r F
oc
us
in
g 
Ch
an
ne
ls
3)
   
De
sc
rip
tio
n 
of
 A
pp
lie
d 
Fo
cu
sin
g 
Fi
el
ds
4)
   
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n 
wi
th
 N
on
lin
ea
r A
pp
lie
d 
Fi
eld
s
5)
   
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
ati
on
s o
f M
ot
io
n 
W
ith
ou
t S
pa
ce
-C
ha
rg
e, 
  
   
   
Ac
ce
ler
ati
on
 an
d 
M
om
en
tu
m
 S
pr
ea
d
6)
   
Fl
oq
ue
t's
 T
he
or
em
 an
d 
th
e P
ha
se
-A
m
pl
itu
de
 F
or
m
 o
f P
ar
tic
le
 O
rb
its
7)
   
Th
e C
ou
ra
nt
-S
ny
de
r I
nv
ar
ia
nt
 an
d 
th
e S
in
gl
e-
Pa
rti
cl
e E
m
itt
an
ce
8)
   
Th
e B
et
atr
on
 F
or
m
ul
at
io
n 
of
 th
e P
ar
tic
le
 O
rb
it 
9)
   
M
om
en
tu
m
 S
pr
ea
d 
Ef
fe
ct
s
10
) A
cc
ele
ra
tio
n 
an
d 
No
rm
ali
ze
d 
Em
itt
an
ce
Re
fe
re
nc
es
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
3
1)
 P
ar
tic
le 
Eq
ua
tio
ns
 o
f M
ot
io
n
A
. I
nt
ro
du
ct
io
n:
 T
he
 L
or
en
tz
 F
or
ce
 E
qu
at
io
n
B.
 A
pp
lie
d 
Fi
el
ds
C.
 M
ac
hi
ne
 L
at
tic
e 
D
. S
el
f F
ie
ld
s 
E.
 E
qu
at
io
n 
of
 M
ot
io
n 
in
 s 
an
d 
th
e P
ar
ax
ia
l A
pp
ro
xi
m
at
io
n
F.
 S
um
m
ar
y:
 T
ra
ns
ve
rs
e P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n
G
. O
ve
rv
ie
w
 o
f A
na
ly
sis
 to
 C
om
e
H.
 B
en
t C
oo
rd
in
at
e S
ys
te
m
 an
d 
Pa
rti
cl
e E
qu
at
io
ns
 o
f M
ot
io
n 
w
ith
 D
ip
ol
e B
en
ds
 
   
  a
nd
 A
xi
al
 M
om
en
tu
m
 S
pr
ea
d
Pa
rti
cl
e E
qu
ati
on
s o
f M
ot
io
n:
 D
eta
ile
d 
Ou
tli
ne
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
4
De
ta
ile
d 
O
ut
lin
e -
 2
 
2)
 T
ra
ns
ve
rs
e P
ar
tic
le 
Eq
ua
tio
ns
 o
f M
ot
io
n 
in
 L
in
ea
r F
oc
us
in
g 
Ch
an
ne
ls
A
. I
nt
ro
du
ct
io
n
B.
 C
on
tin
uo
us
 F
oc
us
in
g
C.
 A
lte
rn
at
in
g 
Gr
ad
ie
nt
 Q
ua
dr
up
ol
e F
oc
us
in
g 
– 
El
ec
tri
c Q
ua
dr
up
ol
es
D
. A
lte
rn
at
in
g 
G
ra
di
en
t Q
ua
dr
up
ol
e F
oc
us
in
g 
– 
M
ag
ne
tic
 Q
ua
dr
up
ol
es
E.
 S
ol
en
oi
da
l F
oc
us
in
g
F.
 S
um
m
ar
y 
of
 T
ra
ns
ve
rs
e P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n 
A
pp
en
di
x 
A:
 Q
ua
dr
up
ol
e S
ke
w 
Co
up
lin
g
Ap
pe
nd
ix
 B
: T
he
 L
ar
m
or
 T
ra
ns
fo
rm
 to
 E
xp
re
ss
 S
ol
en
oi
da
l F
oc
us
ed
 
  
Pa
rti
cl
e E
qu
at
io
ns
 o
f M
ot
io
n 
in
 U
nc
ou
pl
ed
 F
or
m
3)
 D
es
cr
ip
tio
n 
of
 A
pp
lie
d 
Fo
cu
sin
g 
Fi
eld
s
A
. O
ve
rv
ie
w
B.
 M
ag
ne
tic
 F
ie
ld
 E
xp
an
sio
ns
 fo
r F
oc
us
in
g 
an
d 
Be
nd
in
g
C.
 H
ar
d 
Ed
ge
 E
qu
iv
al
en
t M
od
el
s 
D
. 2
D
 T
ra
ns
ve
rs
e M
ul
tip
ol
e M
ag
ne
tic
 M
om
en
ts
E.
 G
oo
d 
Fi
el
d 
Ra
di
us
F.
 E
xa
m
pl
e P
er
m
an
en
t M
ag
ne
t A
ss
em
bl
ie
s
68
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
5
De
ta
ile
d 
O
ut
lin
e -
 3
4)
 T
ra
ns
ve
rs
e P
ar
tic
le 
Eq
ua
tio
ns
 o
f M
ot
io
n 
wi
th
 N
on
lin
ea
r A
pp
lie
d 
Fi
el
ds
A
. O
ve
rv
ie
w
 
B.
 A
pp
ro
ac
h 
1:
 E
xp
lic
it 
3D
 F
or
m
C.
 A
pp
ro
ac
h 
2:
 P
er
tu
rb
ed
 F
or
m
5)
 L
in
ea
r E
qu
ati
on
s o
f M
ot
io
n 
W
ith
ou
t S
pa
ce
-C
ha
rg
e, 
Ac
ce
ler
ati
on
, 
   
 an
d 
M
om
en
tu
m
 S
pr
ea
d
A.
 H
ill
's 
eq
ua
tio
n
B.
 T
ra
ns
fe
r M
at
rix
 F
or
m
 o
f t
he
 S
ol
ut
io
n 
to
 H
ill
's 
Eq
ua
tio
n 
C.
 W
ro
ns
ki
an
 S
ym
m
et
ry
 o
f H
ill
's 
Eq
ua
tio
n 
D
. S
ta
bi
lit
y 
of
 S
ol
ut
io
ns
 to
 H
ill
's 
Eq
ua
tio
n 
in
 a 
Pe
rio
di
c L
at
tic
e 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
6
De
ta
ile
d 
O
ut
lin
e -
 4
6)
 H
ill
's 
Eq
ua
tio
n:
 F
lo
qu
et
's 
Th
eo
re
m
 an
d 
th
e P
ha
se
-A
m
pl
itu
de
 F
or
m
 
   
  o
f t
he
 P
ar
tic
le 
O
rb
it
A
. I
nt
ro
du
ct
io
n
B.
 F
lo
qu
et
's 
Th
eo
re
m
C.
 P
ha
se
-A
m
pl
itu
de
 F
or
m
 o
f t
he
 P
ar
tic
le
 O
rb
it 
D
. S
um
m
ar
y:
 P
ha
se
-A
m
pl
itu
de
 F
or
m
 o
f t
he
 S
ol
ut
io
n 
to
 H
ill
's 
Eq
ua
tio
n 
E.
 P
oi
nt
s o
n 
th
e P
ha
se
-A
m
pl
itu
de
 F
or
m
ul
at
io
n
F.
 R
el
at
io
n 
Be
tw
ee
n 
th
e P
rin
ci
pa
l O
rb
it 
Fu
nc
tio
ns
 an
d 
th
e P
ha
se
-A
m
pl
itu
de
 F
or
m
 O
rb
it 
Fu
nc
tio
ns
G
. U
nd
ep
re
ss
ed
 P
ar
tic
le
 P
ha
se
 A
dv
an
ce
 
A
pp
en
di
x 
C:
 C
al
cu
la
tio
n 
of
 w
(s
) f
ro
m
 P
rin
ci
pa
l O
rb
it 
Fu
nc
tio
ns
7)
 H
ill
's 
Eq
ua
tio
n:
 T
he
 C
ou
ra
nt
-S
ny
de
r I
nv
ar
ian
t a
nd
 
   
 th
e S
in
gl
e-
Pa
rti
cl
e E
m
itt
an
ce
A
. I
nt
ro
du
ct
io
n 
B.
 D
er
iv
at
io
n 
of
 th
e C
ou
ra
nt
 S
ny
de
r I
nv
ar
ia
nt
 
C.
 L
at
tic
e M
ap
s  
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
7
De
ta
ile
d 
O
ut
lin
e -
 5
8)
 H
ill
's 
Eq
ua
tio
n:
 T
he
 B
eta
tro
n 
Fo
rm
ul
ati
on
 o
f t
he
 P
ar
tic
le 
O
rb
it 
an
d 
   
 M
ax
im
um
 O
rb
it 
Ex
cu
rs
io
ns
A
. F
or
m
ul
at
io
n
B.
 M
ax
im
um
 O
rb
it 
Ex
cu
rs
io
ns
9)
 M
om
en
tu
m
 S
pr
ea
d 
Ef
fe
ct
s a
nd
 B
en
di
ng
A
. O
ve
rv
ie
w
 
B.
 C
hr
om
at
ic
 E
ffe
ct
s 
C.
 D
isp
er
siv
e E
ffe
ct
s
10
) A
cc
ele
ra
tio
n 
an
d 
N
or
m
ali
ze
d 
Em
itt
an
ce
 
A
. I
nt
ro
du
ct
io
n
B.
 T
ra
ns
fo
rm
at
io
n 
to
 N
or
m
al
 F
or
m
C.
 P
ha
se
-S
pa
ce
 R
el
at
io
ns
 b
et
we
en
 T
ra
ns
fo
rm
ed
 an
d 
U
nt
ra
ns
fo
rm
ed
 S
ys
te
m
s 
A
pp
en
di
x 
D:
  A
cc
ele
ra
tin
g 
Fi
eld
s a
nd
 C
alc
ul
ati
on
 o
f C
ha
ng
es
 in
 g
am
m
a*
be
ta
Co
nt
ac
t I
nf
or
m
at
io
n
Re
fe
re
nc
es
A
ck
no
wl
ed
gm
en
ts
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
8
S1
: P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n
S1
A:
  I
nt
ro
du
ct
io
n:
 T
he
 L
or
en
tz
 F
or
ce
 E
qu
ati
on
Th
e L
or
en
tz 
fo
rc
e e
qu
at
io
n 
of
 a 
ch
ar
ge
d 
pa
rti
cle
 is
 g
iv
en
 b
y 
(S
I U
ni
ts)
:
...
. p
ar
tic
le 
m
as
s, 
ch
ar
ge ...
. p
ar
tic
le 
m
om
en
tu
m
...
. p
ar
tic
le 
ve
lo
cit
y
...
. p
ar
tic
le 
ga
m
m
a f
ac
to
r
...
. p
ar
tic
le 
co
or
di
na
te
El
ec
tri
c F
ie
ld
:
M
ag
ne
tic
 F
ie
ld
:
To
ta
l
A
pp
lie
d
Se
lf
69
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
9
S1
B:
 A
pp
lie
d 
Fi
eld
s 
Tr
an
sv
er
se
 F
oc
us
in
g 
O
pt
ic
s:
Di
po
le
 B
en
ds
:
El
ec
tri
c Q
ua
dr
up
ol
e
M
ag
ne
tic
 Q
ua
dr
up
ol
e
So
len
oi
d
El
ec
tri
c
M
ag
ne
tic
!-
di
re
ct
io
n 
be
nd
!-
di
re
ct
io
n 
be
nd
qu
ad
_e
lec
.p
ng
qu
ad
_m
ag
.p
ng
di
po
le
_m
ag
.p
ng
di
po
le
_e
le
c.p
ng
so
le
no
id
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
Lo
ng
itu
di
na
l A
cc
ele
ra
tio
n:
RF
 C
av
ity
In
du
cti
on
 C
ell
in
d_
ce
ll.
pn
g
rf_
ca
vi
ty
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
S1
C:
 M
ac
hi
ne
 L
att
ic
e 
Ap
pl
ied
 fi
eld
 st
ru
ct
ur
es
 ar
e o
fte
n 
ar
ra
ig
ne
d 
in
 a 
re
gu
la
r (
pe
rio
di
c)
 la
tti
ce
 fo
r b
ea
m
 
tra
ns
po
rt/
ac
ce
ler
at
io
n:
Ex
am
pl
e –
 L
in
ea
r F
O
DO
 la
tti
ce
 (s
ym
m
et
ric
 q
ua
dr
up
ol
e d
ou
bl
et)
tp
e_
la
t.p
ng
tp
e_
la
t_
fo
do
.p
ng
 S
om
et
im
es
 fu
nc
tio
ns
 li
ke
 b
en
di
ng
/fo
cu
sin
g 
ar
e c
om
bi
ne
d 
in
to
 a 
sin
gl
e e
lem
en
t
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
La
tti
ce
s f
or
 ri
ng
s a
nd
 so
m
e b
ea
m
 in
se
rti
on
/ex
tra
cti
on
 se
cti
on
s a
lso
 in
co
rp
or
at
e 
be
nd
s a
nd
 m
or
e c
om
pl
ic
ate
d 
pe
rio
di
c s
tru
ct
ur
es
:
rin
g.
pn
g
70
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
S1
D:
 S
elf
 fi
eld
s 
Se
lf-
fie
ld
s a
re
 g
en
er
ate
d 
by
 th
e d
ist
rib
ut
io
n 
of
 b
ea
m
 p
ar
tic
les
:
 C
ha
rg
es
 C
ur
re
nt
s
Pa
rti
cle
 at
 R
es
t
Pa
rti
cle
 in
 M
ot
io
n
 S
up
er
im
po
se
 fo
r a
ll 
pa
rti
cle
s i
n 
th
e b
ea
m
 d
ist
rib
ut
io
n
 A
cc
ele
ra
tin
g 
pa
rti
cle
s a
lso
 ra
di
ate
- W
e n
eg
le
ct 
el
ec
tro
m
ag
ne
tic
 ra
di
at
io
n 
in
 th
is 
cla
ss
 
   
   
   
(se
e:
 J.
J. 
Ba
rn
ar
d,
 In
tro
 L
ec
tu
re
s)
pa
rti
cl
e_
fie
ld
_r
es
t.p
ng
O
bt
ain
 fr
om
 
Lo
re
nt
z b
oo
st 
of
 re
st-
fra
m
e f
ie
ld
: 
se
e J
ac
ks
on
, 
Cl
as
sic
al
 
El
ec
tro
dy
na
m
ics
pa
rti
cl
e_
fie
ld
_m
ot
io
n.
pn
g
(p
ur
e e
lec
tro
sta
tic
)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
Th
e e
le
ctr
ic 
(  
  )
 an
d 
m
ag
ne
tic
 ( 
   
 ) 
fie
ld
s s
ati
sf
y 
th
e M
ax
w
ell
 E
qu
ati
on
s. 
  T
he
 
lin
ea
r s
tru
ct
ur
e o
f t
he
 M
ax
we
ll 
eq
ua
tio
ns
 ca
n 
be
 ex
pl
oi
ted
 to
 re
so
lv
e t
he
 fi
el
d 
in
to
 
Ap
pl
ied
 an
d 
Se
lf-
Fi
eld
 co
m
po
ne
nt
s:
A
pp
lie
d 
Fi
el
ds
  (
of
te
n 
qu
as
i-s
ta
tic
)
Ge
ne
ra
ted
 b
y 
ele
m
en
ts 
in
 la
tti
ce
Bo
un
da
ry
 co
nd
iti
on
s d
ep
en
d 
on
 th
e t
ot
al
 fi
el
ds
 
   
an
d 
if 
se
pa
ra
te
d 
in
to
 A
pp
lie
d 
an
d 
Se
lf-
Fi
eld
 co
m
po
ne
nt
s, 
ca
re
 is
 re
qu
ire
d
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
///
 A
sid
e: 
N
ot
at
io
n:
Ca
rte
sia
n 
Re
pr
es
en
ta
tio
n
Cy
lin
dr
ic
al
 R
ep
re
se
nt
at
io
n
A
bb
re
vi
ate
d 
Re
pr
es
en
ta
tio
n
///
Re
so
lv
ed
 A
bb
re
vi
at
ed
 R
ep
.
   
Re
so
lv
ed
 in
to
 P
er
pe
nd
icu
lar
   
 an
d 
Pa
ra
lle
l  
   
   
co
m
po
ne
nt
s
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
16
Se
lf-
Fi
el
ds
  (
dy
na
m
ic
, e
vo
lv
e w
ith
 b
ea
m
)
Ge
ne
ra
ted
 b
y 
pa
rti
cl
es
 in
 th
e b
ea
m
71
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
17
In
 ac
ce
le
ra
to
rs
, t
he
re
 is
 id
ea
lly
 a 
sin
gl
e s
pe
cie
s o
f p
ar
tic
le
:
M
ot
io
n 
of
 p
ar
tic
les
 w
ith
in
 ax
ial
 sl
ic
es
 o
f t
he
 “b
un
ch
” a
re
 h
ig
hl
y 
di
re
ct
ed
:
Th
er
e a
re
 ty
pi
ca
lly
 m
an
y 
pa
rti
cle
s:
Pa
ra
xi
al
 A
pp
ro
xi
m
at
io
n
be
am
_d
ist
.p
ng
La
rg
e S
im
pl
ifi
ca
tio
n!
M
ul
ti-
sp
ec
ies
 re
su
lts
 in
 m
or
e c
om
pl
ex
 co
lle
cti
ve
 ef
fe
ct
s
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
18
Th
e b
ea
m
 ev
ol
ut
io
n 
is 
ty
pi
ca
lly
 su
ffi
cie
nt
ly
 sl
ow
 (f
or
 h
ea
vy
 io
ns
) w
he
re
 w
e c
an
 
ne
gl
ec
t r
ad
ia
tio
n 
an
d 
ap
pr
ox
im
at
e t
he
 se
lf-
fie
ld
 M
ax
w
ell
 E
qu
ati
on
s a
s:
 S
ee
: J
. J
. B
ar
na
rd
, I
nt
ro
. L
ec
tu
re
s: 
El
ec
tro
sta
tic
 A
pp
ro
xi
m
ati
on
 
V
as
t R
ed
uc
tio
n 
of
 
se
lf-
fie
ld
 m
od
el
:
Bu
t s
til
l c
om
pl
ic
at
ed
!
Re
so
lv
e t
he
 L
or
en
tz 
fo
rc
e a
ct
in
g 
on
 b
ea
m
 p
ar
tic
les
 in
to
 
Ap
pl
ie
d 
an
d 
Se
lf-
Fi
el
d 
te
rm
s:
Ap
pl
ie
d:
Se
lf-
Fi
eld
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
19
Th
e s
el
f-f
ie
ld
 fo
rc
e c
an
 b
e s
im
pl
ifi
ed
:
  S
ee
 al
so
: J
.J.
 B
ar
na
rd
, I
nt
ro
. L
ec
tu
re
s 
Pl
ug
 in
 se
lf-
fie
ld
 fo
rm
s:
Re
so
lv
e i
nt
o 
tra
ns
ve
rs
e (
! a
nd
 &)
  a
nd
 lo
ng
itu
di
na
l (
')
 co
m
po
ne
nt
s. 
 A
fte
r s
om
e 
alg
eb
ra
, f
in
d:
A
xi
al 
re
la
tiv
ist
ic
 g
am
m
a o
f b
ea
m
Tr
an
sv
er
se
Lo
ng
itu
di
na
l
0 
  N
eg
le
ct
: P
ar
ax
ial
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
20
///
 A
sid
e: 
Si
ng
ul
ar
 S
el
f F
iel
ds
///
In
 fr
ee
 sp
ac
e, 
th
e b
ea
m
 p
ot
en
tia
l g
en
er
ate
d 
fro
m
 th
e s
in
gu
lar
 ch
ar
ge
 d
en
sit
y:
is Th
us
, t
he
 fo
rc
e o
f a
 p
ar
tic
le 
at 
   
   
   
   
 is
:
W
hi
ch
 d
iv
er
ge
s d
ue
 to
 th
e"#
"$
"%
"te
rm
.  
  T
hi
s d
iv
er
ge
nc
e i
s e
ss
en
tia
lly
 “e
ra
se
d”
 
wh
en
 th
e c
on
tin
uo
us
 ch
ar
ge
 d
en
sit
y 
is 
ap
pl
ied
:
Ef
fe
cti
ve
ly
 re
m
ov
es
 ef
fe
ct
 o
f c
ol
lis
io
ns
Se
e: 
J.J
. B
ar
na
rd
, I
nt
ro
 L
ec
tu
re
s f
or
 m
or
e d
eta
ils
- F
in
d 
co
lli
sio
nl
es
s V
las
ov
 m
od
el 
of
 ev
ol
ut
io
n 
is 
of
te
n 
ad
eq
ua
te
72
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
21
Th
e p
ar
tic
le 
eq
ua
tio
ns
 o
f m
ot
io
n 
in
   
   
   
   
   
 p
ha
se
-s
pa
ce
 v
ar
ia
bl
es
 b
ec
om
e:
Tr
an
sv
er
se
Lo
ng
itu
di
na
l
A
pp
lie
d
Se
lf
A
pp
lie
d
Se
lf
In
 th
e r
em
ain
de
r o
f t
hi
s (
an
d 
m
os
t o
th
er
) l
ec
tu
re
s, 
we
 an
aly
ze
 T
ra
ns
ve
rs
e 
Dy
na
m
ics
.  
Lo
ng
itu
di
na
l D
yn
am
ic
s w
ill
 b
e c
ov
er
ed
 in
 J.
J. 
Ba
rn
ar
d 
le
ct
ur
es
 E
xc
ep
t n
ea
r i
nj
ec
to
r, 
ac
ce
ler
ati
on
 is
 ty
pi
ca
lly
 sl
ow
!
Fr
ac
tio
na
l c
ha
ng
e i
n 
   
   
   
   
sm
al
l o
ve
r c
ha
ra
ct
er
ist
ic 
tra
ns
ve
rs
e d
yn
am
ic
al
 
sc
al
es
 su
ch
 as
 la
tti
ce
 p
er
io
d 
an
d 
be
tat
ro
n 
os
ci
lla
tio
n 
pe
rio
ds
Re
ga
rd
   
   
   
   
  a
s s
pe
ci
fie
d 
fu
nc
tio
ns
 g
iv
en
 b
y 
th
e “
ac
ce
ler
at
io
n 
sc
he
du
le”
  
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
22
In
 tr
an
sv
er
se
 ac
ce
ler
ato
r d
yn
am
ic
s, 
it 
is 
co
nv
en
ie
nt
 to
 em
pl
oy
 th
e a
xi
al
 co
or
di
na
te 
(()
 o
f t
he
 p
ar
tic
le
 in
 th
e a
cc
ele
ra
to
r a
s t
he
 in
de
pe
nd
en
t v
ar
iab
le
:
Tr
an
sf
or
m
:
De
no
te:
S1
E:
 E
qu
ati
on
s o
f M
ot
io
n 
in
 ( 
an
d 
th
e P
ar
ax
ia
l A
pp
ro
xi
m
ati
on
 
N
eg
lec
t: 
Pa
ra
xi
al
 0
s_
de
f.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
23
In
 th
e p
ar
ax
ia
l a
pp
ro
xi
m
ati
on
, !
)"
an
d"
&)
 ca
n 
be
 in
ter
pr
et
ed
 as
 th
e (
sm
all
 
m
ag
ni
tu
de
) a
ng
les
 th
at 
th
e p
ar
tic
les
 m
ak
e t
he
 w
ith
 th
e '
*a
xi
s:
Th
e a
ng
le
s w
ill
 b
e s
ma
ll 
in
 th
e p
ar
ax
ial
 ap
pr
ox
im
ati
on
:
Si
nc
e t
he
 sp
re
ad
 o
f a
xi
al
 m
om
en
tu
m
/v
el
oc
iti
es
  i
s s
m
all
 in
 th
e p
ar
ax
ia
l 
ap
pr
ox
im
ati
on
, a
 th
in
 ax
ia
l s
lic
e o
f t
he
 b
ea
m
 m
ap
s t
o 
a t
hi
n 
ax
ial
 sl
ic
e a
nd
 s 
ca
n 
als
o 
be
 th
ou
gh
t o
f a
s t
he
 ax
ial
 co
or
di
na
te
 o
f t
he
 sl
ice
 in
 th
e a
cc
el
er
at
or
 la
tti
ce
be
am
_d
ist
_s
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
24
Tr
an
sf
or
m
 T
er
m
s 1
 an
d 
2 
in
 th
e p
ar
tic
le 
eq
ua
tio
n 
of
 m
ot
io
n:
Te
rm
 1
:
Te
rm
 1
A
Te
rm
 1
B
Ap
pr
ox
im
at
e:
Te
rm
 1
A
:
Te
rm
 1
B:
Tr
an
sv
er
se
 p
ar
tic
le
 eq
ua
tio
ns
 o
f m
ot
io
n:
Te
rm
 1
Te
rm
 2
73
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
25
Us
in
g 
th
e a
pp
ro
xi
m
ati
on
s 1
A 
an
d 
1B
 g
iv
es
 fo
r T
er
m
 1
:
Si
m
ila
rly
 w
e a
pp
ro
xi
m
ate
 in
 T
er
m
 2
:
Us
in
g 
th
e r
ed
uc
ed
 ex
pr
es
sio
ns
 fo
r T
er
m
s 1
 an
d 
2 
ob
ta
in
s t
he
 re
du
ce
d 
tra
ns
ve
rs
e 
eq
ua
tio
n 
of
 m
ot
io
n:
 W
ill
 b
e a
na
ly
ze
d 
ex
te
ns
iv
ely
 in
 le
ct
ur
es
 th
at 
fo
llo
w 
in
 v
ar
io
us
 li
m
its
 to
   
be
tte
r u
nd
er
sta
nd
 st
ru
ctu
re
 o
f s
ol
ut
io
ns
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
26
S1
F:
 S
um
m
ar
y:
 T
ra
ns
ve
rs
e P
ar
tic
le 
Eq
ua
tio
ns
 o
f M
ot
io
n
 D
ro
p 
pa
rti
cl
e #
 su
bs
cr
ip
ts 
(in
 m
os
t c
as
es
) h
en
ce
fo
rth
 to
 si
m
pl
ify
 n
ot
at
io
n
 N
eg
le
ct
s a
xi
al
 en
er
gy
 sp
re
ad
, b
en
di
ng
, a
nd
 el
ec
tro
m
ag
ne
tic
 ra
di
at
io
n
   
   
fa
ct
or
s d
iff
er
en
t i
n 
ap
pl
ie
d 
an
d 
se
lf-
fie
ld
 te
rm
s: 
Ki
ne
m
ati
cs
Se
lf-
M
ag
ne
tic
 F
iel
d 
Co
rre
ct
io
ns
 (l
ea
di
ng
 o
rd
er
)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
27
S1
G:
 O
ve
rv
iew
: A
na
ly
sis
 to
 C
om
e
M
uc
h 
of
 ac
ce
le
ra
to
r p
hy
sic
s c
en
ter
s o
n 
un
de
rs
ta
nd
in
g 
th
e e
vo
lu
tio
n 
of
 b
ea
m
 
pa
rti
cle
s i
n 
4-
di
m
en
sio
na
l !
-!
' a
nd
 &-
&' 
ph
as
e s
pa
ce
.
Ty
pi
ca
lly
, r
es
tri
cte
d 
2-
di
m
en
sio
na
l p
ha
se
-sp
ac
e p
ro
jec
tio
ns
 in
 !-
!' 
an
d/
or
 &-
&' 
ar
e 
an
al
yz
ed
 to
 si
m
pl
ify
 in
te
rp
re
ta
tio
ns
:
N
on
lin
ea
r f
or
ce
 co
m
po
ne
nt
s d
ist
or
t 
or
bi
ts 
an
d 
ca
us
e u
nd
es
ira
bl
e e
ffe
ct
s
- G
ro
w
th
 o
f e
ffe
cti
ve
 
  p
ha
se
-sp
ac
e a
re
a
W
he
n 
fo
rc
es
 ar
e l
in
ea
r p
ar
tic
les
 te
nd
   
 to
 m
ov
e o
n 
el
lip
se
s o
f c
on
sta
nt
 ar
ea
- E
lli
ps
e m
ay
 el
on
ga
te/
sh
rin
k 
an
d
   
ro
tat
e a
s b
ea
m
 ev
ol
ve
s i
n 
lat
tic
e
ps
_e
lli
ps
e.p
ng
ps
_e
lli
ps
e_
nl
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
28
Th
e “
ef
fe
ct
iv
e”
 p
ha
se
-s
pa
ce
 v
ol
um
e o
f a
 d
ist
rib
ut
io
n 
of
 b
ea
m
 p
ar
tic
le
s i
s o
f 
fu
nd
am
en
tal
 in
te
re
st
W
e w
ill
 fi
nd
 in
 st
ati
sti
ca
l b
ea
m
 d
es
cr
ip
tio
ns
 th
at:
La
rg
er
/S
m
al
ler
 b
ea
m
 p
ha
se
-sp
ac
e a
re
as
(L
ar
ge
r/S
m
all
er
 em
itt
an
ce
s)
Ha
rd
er
/E
as
ier
 to
 fo
cu
s b
ea
m
on
 sm
all
 fi
na
l s
po
ts
Ef
fe
cti
ve
 ar
ea
 m
ea
su
re
 in
 
!-
!' 
ph
as
e-
sp
ac
e i
s t
he
 
!-
em
itt
an
ce
   
 
ph
as
e_
sp
ac
e.p
ng
74
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
29
M
uc
h 
of
 ad
va
nc
ed
 ac
ce
ler
ato
r p
hy
sic
s c
en
te
rs
 o
n 
un
de
rs
tan
di
ng
 an
d 
co
nt
ro
lin
g 
em
itt
an
ce
 g
ro
wt
h 
du
e t
o 
no
nl
in
ea
r f
or
ce
s a
ris
in
g 
fro
m
 b
ot
h 
sp
ac
e-
ch
ar
ge
 an
d 
th
e 
ap
pl
ie
d 
fo
cu
sin
g.
  I
n 
th
e r
em
ain
de
r o
f t
he
 n
ex
t f
ew
 le
ctu
re
s w
e w
ill
 re
vi
ew
 th
e 
ph
ys
ic
s o
f t
ra
ns
ve
rs
e p
ar
tic
le
 d
yn
am
ics
 o
f p
ar
tic
les
 m
ov
in
g 
in
 li
ne
ar
 ap
pl
ie
d 
fie
ld
s. 
 L
at
er
 w
e w
ill
 g
en
er
ali
ze
 co
nc
ep
ts 
to
 in
clu
de
 fo
rc
es
 fr
om
 sp
ac
e-
ch
ar
ge
 an
d 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
30
S1
H:
 B
en
t C
oo
rd
in
at
e S
ys
tem
 an
d 
Pa
rti
cle
 E
qu
ati
on
s o
f 
   
   
   
M
ot
io
n 
wi
th
 D
ip
ol
e B
en
ds
 an
d 
A
xi
al 
M
om
en
tu
m
 S
pr
ea
d
Th
e p
re
vi
ou
s e
qu
at
io
ns
 o
f m
ot
io
n 
ca
n 
be
 ap
pl
ied
 to
 d
ip
ol
e b
en
ds
 p
ro
vi
de
d 
th
e 
!+
&+
' c
oo
rd
in
ate
 sy
ste
m
 is
 fi
xe
d.
  I
n 
pr
ac
tic
e, 
it 
ca
n 
pr
ov
e m
or
e c
on
ve
ni
en
t t
o 
em
pl
oy
 co
or
di
na
tes
 th
at
 fo
llo
w
 th
e b
ea
m
 in
 a 
be
nd
.
be
nd
_g
eo
m
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
31
In
 th
is 
pe
rs
pe
cti
ve
, d
ip
ol
es
 ar
e a
dj
us
ted
 g
iv
en
 th
e d
es
ig
n 
m
om
en
tu
m
 o
f t
he
 
re
fe
re
nc
e p
ar
tic
le 
to
 b
en
d 
th
e o
rb
it 
th
ro
ug
h 
a r
ad
iu
s ,
.
Be
nd
s u
su
all
y 
on
ly
 in
 o
ne
 p
lan
e (
sa
y 
!)
- I
m
pl
em
en
te
d 
by
 a 
di
po
le 
ap
pl
ied
 fi
el
d:
Ea
sy
 to
 ap
pl
y 
m
ate
ria
l a
na
lo
go
us
ly
 fo
r &
-p
lan
e b
en
ds
, i
f n
ec
es
sa
ry
De
no
te
:
Th
en
 a 
m
ag
ne
tic
 !-
be
nd
 th
ro
ug
h 
a r
ad
iu
s ,
 is
 sp
ec
ifi
ed
 b
y:
Th
e p
ar
tic
le
 ri
gi
di
ty
 is
 d
ef
in
ed
 as
 ( 
   
   
   
re
ad
 as
 o
ne
 sy
m
bo
l c
all
ed
 “B
-R
ho
”)
:
is 
of
te
n 
ap
pl
ie
d 
to
 ex
pr
es
s t
he
 b
en
d 
re
su
lt 
as
:
An
alo
go
us
 fo
rm
ul
a f
or
 
El
ec
tri
c B
en
d 
wi
ll 
be
 d
er
iv
ed
 
in
 p
ro
bl
em
 se
t
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
32
Co
m
m
en
ts 
on
 b
en
ds
:
,
 ca
n 
be
 p
os
iti
ve
 o
r n
eg
at
iv
e d
ep
en
di
ng
 o
n 
sig
n 
of
 
Fo
r s
tra
ig
ht
 se
cti
on
s,
La
tti
ce
s o
fte
n 
m
ad
e f
ro
m
 d
isc
re
te 
el
em
en
t d
ip
ol
es
 an
d 
str
aig
ht
 se
cti
on
s w
ith
 
se
pa
ra
ted
 fu
nc
tio
n 
op
tic
s  
- B
en
ds
 so
m
eti
m
es
 p
ro
vi
de
 “e
dg
e f
oc
us
” i
n 
a r
in
g 
- S
om
et
im
es
 el
em
en
ts 
fo
r b
en
di
ng
/fo
cu
sin
g 
ar
e c
om
bi
ne
d
Fo
r a
 ri
ng
, d
ip
ol
es
 st
re
ng
th
s a
re
 tu
ne
d 
wi
th
 p
ar
tic
le 
rig
id
ity
/m
om
en
tu
m
 so
 th
e 
re
fe
re
nc
e o
rb
it 
m
ak
es
 a 
cl
os
ed
 p
at
h 
la
p 
th
ro
ug
h 
th
e c
irc
ul
ar
 m
ac
hi
ne
- D
ip
ol
es
 ad
ju
ste
d 
as
 p
ar
tic
les
 g
ain
 en
er
gy
 to
 m
ain
ta
in
 cl
os
ed
 p
ath
- I
n 
a S
yn
ch
ro
tro
n 
di
po
les
 an
d 
fo
cu
sin
g 
ele
m
en
ts 
ar
e a
dj
us
te
d 
to
ge
th
er
   
to
 m
ai
nt
ai
n 
fo
cu
sin
g 
an
d 
be
nd
in
g 
pr
op
er
tie
s w
ith
 en
er
gy
 g
ain
.  
   
Th
is 
is 
th
e o
rig
in
 o
f t
he
 n
am
e “
Sy
nc
hr
ot
ro
n.
” 
To
tal
 b
en
di
ng
 st
re
ng
th
 o
f a
 ri
ng
 in
 T
es
la-
m
ete
rs
 li
m
its
 th
e u
lti
m
at
ely
 
ac
hi
ev
ab
le
 p
ar
tic
le 
en
er
gy
/m
om
en
tu
m
 in
 th
e r
in
g
75
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
33
///
 E
xa
m
pl
e:
 T
yp
ic
al
 se
pa
ra
te
d 
fu
nc
tio
n 
la
tti
ce
 in
 a 
Sy
nc
hr
ot
ro
n
Fo
cu
s E
le
m
en
ts 
in
 R
ed
 
Be
nd
in
g 
El
em
en
ts 
in
 G
re
en
(s
ep
ar
ate
d 
fu
nc
tio
n)
rin
g.
pn
g
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
34
Fo
r “
of
f-m
om
en
tu
m
” e
rro
rs
:
Th
is 
w
ill
 m
od
ify
 th
e p
ar
tic
le
 eq
ua
tio
ns
 o
f m
ot
io
n,
 p
ar
tic
ul
ar
ly
 in
 ca
se
s w
he
re
 
th
er
e a
re
 b
en
ds
 si
nc
e p
ar
tic
les
 w
ith
 d
iff
er
en
t m
om
en
ta 
w
ill
 b
e b
en
t a
t d
iff
er
en
t 
ra
di
i N
ot
 u
su
al
 to
 h
av
e a
cc
ele
ra
tio
n 
in
 b
en
ds
- D
ip
ol
e b
en
ds
 an
d 
qu
ad
ru
po
le 
fo
cu
sin
g 
ar
e s
om
eti
m
es
 co
m
bi
ne
d
of
f_
m
om
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
35
Tr
an
sv
er
se
 p
ar
tic
le
 eq
ua
tio
ns
 o
f m
ot
io
n 
in
cl
ud
in
g 
“o
ff-
m
om
en
tu
m
” e
ffe
cts
:
Se
e t
ex
ts 
su
ch
 as
 E
dw
ar
ds
 an
d 
Sy
ph
er
s f
or
 g
ui
da
nc
e o
n 
de
riv
at
io
n 
ste
ps
Fu
ll 
de
riv
at
io
n 
is 
be
yo
nd
 n
ee
ds
/sc
op
e o
f t
hi
s c
la
ss
Co
m
m
en
ts:
De
sig
n 
be
nd
s o
nl
y 
in
 ! 
an
d 
   
   
   
   
   
 co
nt
ai
n 
no
 d
ip
ol
e t
er
m
s (
de
sig
n 
or
bi
t)
-  
Di
po
le
 co
m
po
ne
nt
s s
et
 v
ia 
th
e d
es
ig
n 
be
nd
 ra
di
us
 ,
((
) 
Eq
ua
tio
ns
 co
nt
ain
 o
nl
y 
lo
w-
or
de
r t
er
m
s i
n 
m
om
en
tu
m
 sp
re
ad
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
36
Co
m
m
en
ts 
co
nt
in
ue
d:
Eq
ua
tio
ns
 ar
e o
fte
n 
ap
pl
ie
d 
lin
ea
riz
ed
 in
 
A
ch
ro
m
ati
c f
oc
us
in
g 
la
tti
ce
s a
re
 o
fte
n 
de
sig
ne
d 
us
in
g 
eq
ua
tio
ns
 w
ith
 
m
om
en
tu
m
 sp
re
ad
 to
 o
bt
ai
n 
fo
ca
l p
oi
nt
s i
nd
ep
en
de
nt
 o
f  
   
to
 so
m
e o
rd
er
! a
nd
 & 
eq
ua
tio
ns
 d
iff
er
 si
gn
ifi
ca
nt
ly
 d
ue
 to
 b
en
ds
 m
od
ify
in
g 
th
e"!
-e
qu
at
io
n 
w
he
n 
,
((
) i
s f
in
ite
It 
wi
ll 
be
 sh
ow
n 
in
 th
e p
ro
bl
em
s t
ha
t f
or
 el
ec
tri
c b
en
ds
:
A
pp
lie
d 
fie
ld
s f
or
 fo
cu
sin
g:
   
m
us
t b
e e
xp
re
ss
ed
 in
 th
e b
en
t !
+&
+(
 sy
ste
m
 o
f t
he
 re
fe
re
nc
e o
rb
it
- I
nc
lu
de
s e
rro
r f
ie
ld
s i
n 
di
po
les
Se
lf 
fie
ld
s m
ay
 al
so
 n
ee
d 
to
 b
e s
ol
ve
d 
tak
in
g 
in
to
 ac
co
un
t b
en
d 
ter
m
s 
- O
fte
n 
ca
n 
be
 n
eg
lec
ted
 in
 P
oi
ss
on
's 
Eq
ua
tio
n
(a
dd
 eq
ua
tio
n 
in
 fu
tu
re
 v
er
sio
ns
)
76
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
37
S2
: T
ra
ns
ve
rs
e P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n 
in
 
  L
in
ea
r F
oc
us
in
g 
Ch
an
ne
ls
S2
A:
 In
tro
du
cti
on
Eq
ua
tio
ns
 p
re
vi
ou
sly
 d
er
iv
ed
 u
nd
er
 as
su
m
pt
io
ns
:
 N
o 
be
nd
s (
fix
ed
 !-
&-
' c
oo
rd
in
ate
 sy
ste
m
 w
ith
 n
o 
lo
ca
l b
en
ds
)
 P
ar
ax
ial
 eq
ua
tio
ns
 (
   
  )
 
 N
o 
di
sp
er
siv
e e
ffe
ct
s (
   
  s
am
e a
ll 
pa
rti
cle
s)
, a
cc
ele
ra
tio
n 
all
ow
ed
 ( 
   
   
   
   
   
   
 ) 
 E
le
ctr
os
ta
tic
 an
d 
lea
di
ng
-o
rd
er
 (i
n 
   
  )
 se
lf-
m
ag
ne
tic
 in
ter
ac
tio
ns
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
38
Th
e a
pp
lie
d 
fo
cu
sin
g 
fie
ld
s
m
us
t b
e s
pe
ci
fie
d 
as
 a 
fu
nc
tio
n 
of
 ( 
an
d 
th
e t
ra
ns
ve
rs
e p
ar
tic
le
 co
or
di
na
tes
 ! 
an
d"
& 
to
 co
m
pl
et
e t
he
 d
es
cr
ip
tio
n
 C
on
sis
ten
t c
ha
ng
e i
n 
ax
ia
l v
elo
ci
ty
 ( 
   
   
   
) d
ue
 to
   
   
  m
us
t b
e e
va
lu
ate
d 
-  
Ty
pi
ca
lly
 d
ue
 to
 R
F 
ca
vi
tie
s a
nd
/o
r i
nd
uc
tio
n 
ce
lls
 R
es
tri
ct 
an
aly
sis
 to
 fi
el
ds
 fr
om
 ap
pl
ied
 fo
cu
sin
g 
str
uc
tu
re
s
In
te
ns
e b
ea
m
 ac
ce
ler
ato
rs
 an
d 
tra
ns
po
rt 
la
tti
ce
s a
re
 d
es
ig
ne
d 
to
 o
pt
im
iz
e 
lin
ea
r a
pp
lie
d 
fo
cu
sin
g 
fo
rc
es
 w
ith
 te
rm
s: 
  
El
ec
tri
c:
M
ag
ne
tic
:
El
ec
tri
c:
M
ag
ne
tic
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
39
Co
m
m
on
 si
tu
ati
on
s t
ha
t r
ea
liz
e t
he
se
 li
ne
ar
 ap
pl
ie
d 
fo
cu
sin
g 
fo
rm
s w
ill
 b
e 
ov
er
vi
ew
ed
:
 C
on
tin
uo
us
 F
oc
us
in
g 
 (s
ee
: S
2B
)
 Q
ua
dr
up
ol
e F
oc
us
in
g
- E
lec
tri
c  
  (
se
e:
 S
2C
)
- M
ag
ne
tic
 (s
ee
: S
2D
)
 S
ol
en
oi
da
l  
  F
oc
us
in
g 
 (s
ee
: S
2E
)
Ot
he
r s
itu
ati
on
s t
ha
t w
ill
 n
ot
 b
e c
ov
er
ed
 (t
yp
ica
lly
 m
or
e n
on
lin
ea
r o
pt
ics
):
 E
nz
il 
Le
ns
 (s
ee
: J
.J.
 B
ar
na
rd
, I
nt
ro
 L
ec
tu
re
s)
 
 P
las
m
a L
en
s
 W
ire
 g
ui
di
ng
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
40
S2
B:
 C
on
tin
uo
us
 F
oc
us
in
g 
As
su
m
e c
on
sta
nt
 el
ec
tri
c f
iel
d 
ap
pl
ie
d 
fo
cu
sin
g 
fo
rc
e:
Ev
en
 th
is 
sim
pl
e m
od
el 
ca
n 
be
co
m
e c
om
pl
ica
ted
 S
pa
ce
 ch
ar
ge
:  
   
   
 m
us
t b
e c
alc
ul
ate
d 
co
ns
ist
en
t w
ith
 b
ea
m
 ev
ol
ut
io
n
 A
cc
ele
ra
tio
n:
  a
ct
s t
o 
da
m
p 
or
bi
ts 
(se
e:
 S
10
)
Co
nt
in
uo
us
 fo
cu
sin
g 
eq
ua
tio
ns
 o
f m
ot
io
n:
In
se
rt 
fie
ld
 co
m
po
ne
nt
s i
nt
o 
lin
ea
r a
pp
lie
d 
fie
ld
 eq
ua
tio
ns
 an
d 
co
lle
ct 
ter
m
s
77
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
41
Si
m
pl
e m
od
el
 in
 li
m
it 
of
 n
o 
ac
ce
ler
at
io
n 
(  
   
   
   
   
   
   
   
   
  )
 an
d 
ne
gl
ig
ib
le
 sp
ac
e-
ch
ar
ge
 ( 
   
   
   
   
   
   
  )
:
Ge
ne
ra
l s
ol
ut
io
n 
is 
el
em
en
tar
y:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
42
///
 E
xa
m
pl
e: 
Pa
rti
cle
 O
rb
its
 in
 C
on
tin
uo
us
 F
oc
us
in
g 
   
   
   
   
   
   
   
Pa
rti
cl
e p
ha
se
-sp
ac
e i
n 
!*
!)
"w
ith
 o
nl
y 
ap
pl
ied
 fi
el
d 
///
or
bi
t_
co
nt
.p
ng
 O
rb
its
 in
 th
e a
pp
lie
d 
fie
ld
 ar
e j
us
t s
im
pl
e h
ar
m
on
ic 
os
cil
la
to
rs
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
43
Th
e c
on
tin
uo
us
 fo
cu
sin
g 
m
od
el
 is
 re
al
ize
d 
by
 a 
sta
tio
na
ry
 ( 
   
   
   
   
   
) p
ar
tia
lly
 
ne
ut
ra
liz
in
g 
un
ifo
rm
 b
ac
kg
ro
un
d 
of
 ch
ar
ge
s f
ill
in
g 
th
e b
ea
m
 p
ip
e. 
 T
o 
se
e t
hi
s 
ap
pl
y 
M
ax
we
ll'
s e
qu
ati
on
s t
o 
th
e a
pp
lie
d 
fie
ld
 to
 ca
lc
ul
ate
 an
 ap
pl
ied
 ch
ar
ge
 
de
ns
ity
:
Un
ph
ys
ica
l m
od
el,
 b
ut
 co
m
m
on
ly
 em
pl
oy
ed
 si
nc
e i
t r
ep
re
se
nt
s t
he
 av
er
ag
e 
ac
tio
n 
of
 m
or
e p
hy
sic
al 
fo
cu
sin
g 
fie
ld
s i
n 
a s
im
pl
er
 to
 an
aly
ze
 m
od
el
- D
em
on
str
ate
 la
te
r i
n 
sim
pl
e e
xa
m
pl
es
 an
d 
pr
ob
le
m
s g
iv
en
Co
nt
in
uo
us
 fo
cu
sin
g 
ca
n 
pr
ov
id
e r
ea
so
na
bl
y 
go
od
 es
tim
ate
s f
or
 m
or
e r
ea
lis
tic
 
pe
rio
di
c f
oc
us
in
g 
m
od
el
s i
f  
   
   
  i
s a
pp
ro
pr
ia
te
ly
 id
en
tif
ie
d 
in
 te
rm
s o
f 
“e
qu
iv
al
en
t”
 p
ar
am
ete
rs
 a
nd
 th
e p
er
io
di
c s
ys
te
m
 is
 st
ab
le
.  
 
- S
ee
 le
ctu
re
s t
ha
t f
ol
lo
w
 an
d 
ho
m
ew
or
k 
pr
ob
le
m
s f
or
 ex
am
pl
es
Pr
ob
le
m
 w
ith
 co
nt
in
uo
us
 fo
cu
sin
g 
m
od
el
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
44
In
 m
or
e r
ea
lis
tic
 m
od
els
, o
ne
 re
qu
ire
s t
ha
t q
ua
si-
sta
tic
 fo
cu
sin
g 
fie
ld
s i
n 
th
e 
m
ac
hi
ne
 ap
er
tu
re
 sa
tis
fy
 th
e v
ac
uu
m
 M
ax
we
ll 
eq
ua
tio
ns
 R
eq
ui
re
 in
 th
e r
eg
io
n 
of
 th
e b
ea
m
 A
pp
lie
d 
fie
ld
 so
ur
ce
s o
ut
sid
e o
f t
he
 b
ea
m
 re
gi
on
Th
e v
ac
uu
m
 M
ax
w
ell
  e
qu
ati
on
s c
on
str
ai
n 
th
e 3
D 
fo
rm
 o
f a
pp
lie
d 
fie
ld
s r
es
ul
tin
g 
fro
m
 sp
at
ial
ly
 lo
ca
liz
ed
 le
ns
es
.  
Th
e f
ol
lo
wi
ng
 ca
se
s c
an
 b
e e
xp
lo
ite
d 
to
 o
pt
im
ize
 
lin
ea
r f
oc
us
in
g 
str
en
gt
h 
in
 p
hy
sic
all
y 
re
ali
za
bl
e s
ys
tem
s w
hi
le 
ke
ep
in
g 
th
e m
od
el
 
re
lat
iv
ely
 si
m
pl
e:
1)
 A
lte
rn
ati
ng
 G
ra
di
en
t Q
ua
dr
up
ol
es
 w
ith
 tr
an
sv
er
se
 o
rie
nt
ati
on
- E
lec
tri
c  
 Q
ua
dr
up
ol
es
  (
se
e:
 S
2C
)
- M
ag
ne
tic
 Q
ua
dr
up
ol
es
 (s
ee
: S
2D
)
2)
 S
ol
en
oi
da
l M
ag
ne
tic
 F
iel
ds
 w
ith
 lo
ng
itu
di
na
l o
rie
nt
at
io
n 
(se
e:
 S
2E
)
78
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
45
S2
C:
 A
lte
rn
ati
ng
 G
ra
di
en
t Q
ua
dr
up
ol
e F
oc
us
in
g
El
ec
tri
c Q
ua
dr
up
ol
es
 
In
 th
e a
xi
al
 ce
nt
er
 o
f a
 lo
ng
 el
ec
tri
c q
ua
dr
up
ol
e, 
m
od
el
 th
e f
iel
ds
 as
 2
D 
tra
ns
ve
rs
e
2D
 T
ra
ns
ve
rs
e F
iel
ds
 E
lec
tro
de
s h
yp
er
bo
lic
 S
tru
ctu
re
 in
fin
ite
ly
 ex
tru
de
d 
al
on
g 
'
qu
ad
_e
lec
.p
ng
(c
le
ar
 ap
er
tu
re
)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
46
Qu
ad
ru
po
le
s a
ct
ua
lly
 h
av
e f
in
ite
 ax
ial
 le
ng
th
 in
 '.
  M
od
el
 th
is 
by
 ta
ki
ng
 th
e 
gr
ad
ien
t"-
 to
 v
ar
y 
in
 (,
 i.
e.,
 -
"=
 -
(()
 w
ith
   
   
   
   
   
   
   
   
   
   
(st
ra
ig
ht
 se
cti
on
) 
Va
ria
tio
n 
is 
ca
lle
d 
th
e f
rin
ge
-fi
eld
 o
f t
he
 fo
cu
sin
g 
ele
m
en
t
Va
ria
tio
n 
wi
ll 
vi
ol
at
e t
he
 M
ax
we
ll 
Eq
ua
tio
ns
 in
 3
D 
- P
ro
vi
de
s a
 re
as
on
ab
le 
fir
st 
ap
pr
ox
im
ati
on
 in
 m
an
y 
ap
pl
ica
tio
ns
Us
ua
lly
 q
ua
dr
up
ol
e i
s l
on
g,
 an
d 
-
(()
 w
ill
 h
av
e a
 fl
at 
ce
nt
ra
l r
eg
io
n 
an
d 
ra
pi
d 
va
ria
tio
n 
ne
ar
 th
e e
nd
s
Ac
cu
ra
te 
fri
ng
e c
alc
ul
ati
on
 
ty
pi
ca
lly
 re
qu
ire
s h
ig
he
r 
lev
el 
m
od
eli
ng
:
3D
 an
aly
sis
 
De
tai
le
d 
ge
om
etr
y 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
47
Fo
r m
an
y 
ap
pl
ic
ati
on
s t
he
 ac
tu
al 
qu
ad
ru
po
le
 fr
in
ge
 fu
nc
tio
n"
-
((
) i
s r
ep
lac
ed
 b
y 
a 
sim
pl
er
 fu
nc
tio
n 
to
 al
lo
w 
m
or
e i
de
ali
ze
d 
m
od
eli
ng
Re
pl
ac
em
en
ts 
sh
ou
ld
 b
e m
ad
e i
n 
an
 “e
qu
iv
ale
nt
” p
ar
am
et
er
 se
ns
e t
o 
be
 
de
ta
ile
d 
la
ter
 (s
ee
: l
ec
tu
re
s o
n 
Tr
an
sv
er
se
 C
en
tro
id
 an
d 
En
ve
lo
pe
 M
od
el
in
g)
 
Fr
in
ge
 fu
nc
tio
ns
 so
m
eti
m
es
 re
pl
ac
ed
 b
y 
pi
ec
ew
ise
 co
ns
tan
t -
(()
 
- O
fte
n 
ca
lle
d 
“h
ar
d-
ed
ge
” a
pp
ro
xi
m
ati
on
Se
e S
3 
an
d 
Lu
nd
 an
d 
Bu
kh
, P
RS
TA
B 
7 
92
48
01
 (2
00
4)
, A
pp
en
di
x 
C 
fo
r m
or
e 
de
ta
ils
 o
n 
eq
ui
va
le
nt
 m
od
els
 fri
ng
e_
eq
ui
v.
pn
g
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
48
El
ec
tri
c q
ua
dr
up
ol
e e
qu
at
io
ns
 o
f m
ot
io
n:
In
se
rt 
ap
pl
ie
d 
fie
ld
 co
m
po
ne
nt
s i
nt
o 
lin
ea
r a
pp
lie
d 
fie
ld
 eq
ua
tio
ns
 an
d 
co
lle
ct
 
te
rm
s
Fo
r p
os
iti
ve
/n
eg
at
iv
e  
  ,
 th
e a
pp
lie
d 
fo
rc
es
 ar
e F
oc
us
in
g/
de
Fo
cu
sin
g 
in
 
   
th
e !
- a
nd
 &-
pl
an
es
 
Th
e !
- a
nd
 &-
eq
ua
tio
ns
 ar
e d
ec
ou
pl
ed
79
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
49
Qu
ad
ru
po
le
s m
us
t b
e a
rra
ng
ed
 in
 a 
lat
tic
e w
he
re
 th
e p
ar
tic
les
 tr
av
er
se
 a 
se
qu
en
ce
 
of
 o
pt
ics
 w
ith
 al
te
rn
ati
ng
 g
ra
di
en
t t
o 
fo
cu
s s
tro
ng
ly
 in
 al
l d
ire
ct
io
ns
A
lte
rn
at
in
g 
gr
ad
ien
t n
ec
es
sa
ry
 to
 p
ro
vi
de
 fo
cu
sin
g 
in
 b
ot
h 
!-
 an
d 
&-
pl
an
es
A
lte
rn
at
in
g 
Gr
ad
ie
nt
 F
oc
us
in
g 
of
te
n 
ab
br
ev
ia
ted
 “A
G”
 an
d 
is 
so
m
et
im
es
ca
lle
d 
“S
tro
ng
 F
oc
us
in
g”
Pa
ra
m
ete
rs
 sh
ou
ld
 b
e t
un
ed
 w
ith
 p
ar
tic
le 
pr
op
er
tie
s a
nd
 o
sc
ill
at
io
n 
ph
as
es
 fo
r 
pr
op
er
 o
pe
ra
tio
n
- F
 (F
oc
us
) i
n 
pl
an
e p
lac
ed
 w
he
re
 ex
cu
rs
io
ns
 (o
n 
av
er
ag
e)
 ar
e s
m
all
 
- D
 (d
eF
oc
us
) p
lac
ed
 w
he
re
 ex
cu
rs
io
ns
 (o
n 
av
er
ag
e)
 ar
e l
ar
ge
- O
 (d
rif
t) 
all
ow
s a
xi
al 
se
pa
ra
tio
n 
be
tw
ee
n 
el
em
en
ts
 F
oc
us
in
g 
la
tti
ce
s o
fte
n 
(b
ut
 n
ot
 n
ec
es
sa
ril
y)
 p
er
io
di
c
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
50
lat
_q
ua
d_
fo
do
.p
ng
Ex
am
pl
e Q
ua
dr
up
ol
e F
OD
O
 p
er
io
di
c l
att
ic
es
 w
ith
 p
ie
ce
w
ise
 co
ns
ta
nt
 
FO
DO
: [
Fo
cu
s d
rif
t(O
) D
eF
oc
us
 D
rif
t(O
)] 
ha
s e
qu
al
 le
ng
th
 d
rif
ts 
an
d 
sa
m
e 
le
ng
th
 F
 an
d 
D 
qu
ad
ru
po
les
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
51
///
 E
xa
m
pl
e: 
Pa
rti
cle
 O
rb
its
 in
 a 
FO
DO
 P
er
io
di
c Q
ua
dr
up
ol
e F
oc
us
in
g 
La
tti
ce
:  
 
   
   
   
   
   
   
   
Pa
rti
cl
e p
ha
se
-sp
ac
e i
n 
!*
!)
"w
ith
 o
nl
y 
ha
rd
-e
dg
e a
pp
lie
d 
fie
ld
   
or
bi
t_
qu
ad
.p
ng ///
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
52
Co
m
m
en
ts 
on
 O
rb
its
: 
 O
rb
its
 st
ro
ng
ly
 d
ev
iat
e f
ro
m
 si
m
pl
e h
ar
m
on
ic
 fo
rm
 d
ue
 to
 A
G
 fo
cu
sin
g
- M
ul
tip
le 
ha
rm
on
ics
 p
re
se
nt
 O
rb
it 
te
nd
s t
o 
be
 fa
rth
er
 fr
om
 ax
is 
in
 fo
cu
sin
g 
qu
ad
ru
po
les
 an
d 
   
clo
se
r t
o 
ax
is 
in
 d
ef
oc
us
in
g 
qu
ad
ru
po
les
 to
 p
ro
vi
de
 n
et
 fo
cu
sin
g
 W
ill
 fi
nd
 la
te
r t
ha
t i
f t
he
 fo
cu
sin
g 
is 
su
ffi
cie
nt
ly
 st
ro
ng
 th
at 
th
e o
rb
it 
ca
n 
   
be
co
m
e u
ns
tab
le
 (s
ee
: S
5)
 &-
or
bi
t h
as
 th
e s
am
e p
ro
pe
rti
es
 as
 !-
or
bi
t d
ue
 to
 th
e p
er
io
di
c s
tru
ctu
re
 an
d 
AG
   
fo
cu
sin
g
If 
qu
ad
ru
po
le
s a
re
 ro
tat
ed
 ab
ou
t t
he
ir 
z-
ax
is 
of
 sy
m
m
et
ry
, t
he
n 
th
e
  !
* a
nd
 &-
eq
ua
tio
ns
 b
ec
om
e c
ro
ss
-c
ou
pl
ed
.  
Th
is 
is 
ca
lle
d 
qu
ad
ru
po
le 
  s
ke
w
 co
up
lin
g 
(s
ee
: A
pp
en
di
x 
A)
So
m
e p
ro
pe
rti
es
 o
f p
ar
tic
le 
or
bi
ts 
in
 q
ua
dr
uo
pl
es
 w
ith
   
wi
ll 
be
 an
aly
ze
d 
in
 th
e p
ro
bl
em
 se
ts
80
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
53
S2
D:
 A
lte
rn
at
in
g 
G
ra
di
en
t Q
ua
dr
up
ol
e F
oc
us
in
g
M
ag
ne
tic
 Q
ua
dr
up
ol
es
 
In
 th
e a
xi
al
 ce
nt
er
 o
f a
 lo
ng
 m
ag
ne
tic
 q
ua
dr
up
ol
e, 
m
od
el 
fie
ld
s a
s 2
D 
tra
ns
ve
rs
e
2D
 T
ra
ns
ve
rs
e F
iel
ds
 M
ag
ne
tic
 (i
de
al
 ir
on
) p
ol
es
 h
yp
er
bo
lic
 S
tru
ctu
re
 in
fin
ite
ly
 ex
tru
de
d 
al
on
g 
'
qu
ad
_m
ag
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
54
Eq
ua
tio
ns
 id
en
tic
al 
to
 th
e e
lec
tri
c q
ua
dr
up
ol
e c
as
e i
n 
te
rm
s o
f  
A
ll 
co
m
m
en
ts 
m
ad
e o
n 
el
ec
tri
c q
ua
dr
up
ol
e f
oc
us
in
g 
lat
tic
e a
re
 im
m
ed
ia
tel
y 
ap
pl
ica
bl
e t
o 
m
ag
ne
tic
 q
ua
dr
up
le
s: 
ju
st 
ap
pl
y 
di
ffe
re
nt
   
  d
ef
in
iti
on
 in
 d
es
ig
n
M
ag
ne
tic
 q
ua
dr
up
ol
e e
qu
at
io
ns
 o
f m
ot
io
n:
In
se
rt 
fie
ld
 co
m
po
ne
nt
s i
nt
o 
lin
ea
r a
pp
lie
d 
fie
ld
 eq
ua
tio
ns
 an
d 
co
lle
ct 
ter
m
s
An
alo
go
us
ly
 to
 th
e e
lec
tri
c q
ua
dr
up
ol
e c
as
e, 
tak
e -
"=
 -
(()
Sa
m
e c
om
m
en
ts 
m
ad
e o
n 
el
ec
tri
c q
ua
dr
up
ol
e f
rin
ge
 in
 S
2C
 ar
e d
ire
ct
ly
 
ap
pl
ic
ab
le
 to
 m
ag
ne
tic
 q
ua
dr
up
ol
es
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
55
S2
E:
 S
ol
en
oi
da
l F
oc
us
in
g
Th
e f
ie
ld
 o
f a
n 
id
ea
l m
ag
ne
tic
 so
len
oi
d 
is 
in
va
ria
nt
 u
nd
er
 tr
an
sv
er
se
 ro
tat
io
ns
 
ab
ou
t i
t's
 ax
is 
of
 sy
m
m
etr
y 
('
) c
an
 b
e e
xp
an
de
d 
in
 te
rm
s o
f t
he
 o
n-
ax
is 
fie
ld
 as
 as
:
Se
e R
ei
se
r, 
Th
eo
ry
 a
nd
 D
es
ig
n 
of
 C
ha
rg
ed
 
Pa
rti
cle
 B
ea
ms
, 
Se
c. 
3.
3.
1
so
len
oi
d.
pn
g
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
56
No
te 
th
at 
th
is 
tru
nc
at
ed
 ex
pa
ns
io
n 
is 
di
ve
rg
en
ce
 fr
ee
:
Fo
r m
od
eli
ng
, w
e t
ru
nc
at
e t
he
 ex
pa
ns
io
n 
us
in
g 
on
ly
 le
ad
in
g-
or
de
r t
er
m
s t
o 
ob
ta
in
:
 C
or
re
sp
on
ds
 to
 li
ne
ar
 d
yn
am
ic
s i
n 
th
e e
qu
ati
on
s o
f m
ot
io
n
bu
t n
ot
 cu
rl 
fre
e w
ith
in
 th
e v
ac
uu
m
 ap
er
tu
re
:
(a
dd
 an
al
ys
is 
in
 fu
tu
re
 v
er
sio
ns
)
81
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
57
Eq
ua
tio
ns
 ar
e l
in
ea
rly
 cr
os
s-
co
up
le
d 
in
 th
e a
pp
lie
d 
fie
ld
 te
rm
s
-  
! e
qu
ati
on
 d
ep
en
ds
 o
n 
&, 
&' 
-  
& e
qu
ati
on
 d
ep
en
ds
 o
n 
!, 
!'
So
len
oi
d 
eq
ua
tio
ns
 o
f m
ot
io
n:
In
se
rt 
fie
ld
 co
m
po
ne
nt
s i
nt
o 
lin
ea
r a
pp
lie
d 
fie
ld
 eq
ua
tio
ns
 an
d 
co
lle
ct 
ter
m
s
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
58
It 
ca
n 
be
 sh
ow
n 
(s
ee
: A
pp
en
di
x 
B)
 th
at 
th
e l
in
ea
r c
ro
ss
-c
ou
pl
in
g 
in
 th
e a
pp
lie
d 
fie
ld
 ca
n 
be
 re
m
ov
ed
 b
y 
an
 s-
va
ry
in
g 
tra
ns
fo
rm
at
io
n 
to
 a 
ro
tat
in
g 
“L
ar
m
or
” f
ra
m
e:
us
ed
 to
 d
en
ot
e
ro
ta
tin
g 
fra
m
e v
ar
ia
bl
es
lar
m
or
_g
eo
m
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
59
If 
th
e b
ea
m
 sp
ac
e-
ch
ar
ge
 is
 a
xis
ym
me
tri
c:
th
en
 th
e s
pa
ce
-c
ha
rg
e t
er
m
 al
so
 d
ec
ou
pl
es
 u
nd
er
 th
e L
ar
m
or
 tr
an
sfo
rm
ati
on
 an
d 
th
e e
qu
ati
on
s o
f m
ot
io
n 
ca
n 
be
 ex
pr
es
se
d 
in
 fu
lly
 u
nc
ou
pl
ed
 fo
rm
:
Be
ca
us
e L
ar
m
or
 fr
am
e e
qu
ati
on
s a
re
 in
 th
e s
am
e f
or
m
 as
 co
nt
in
uo
us
 an
d 
qu
ad
ru
po
le
 fo
cu
sin
g 
wi
th
 a 
di
ffe
re
nt
   
  ,
 fo
r s
ol
en
oi
da
l f
oc
us
in
g 
w
e i
m
pl
ic
itl
y 
w
or
k 
in
 th
e L
ar
m
or
 fr
am
e a
nd
 si
m
pl
ify
 n
ot
at
io
n 
by
 d
ro
pp
in
g 
th
e t
ild
es
:
W
ill
 d
em
on
str
ate
 
th
is 
in
 p
ro
bl
em
s 
fo
r t
he
 si
m
pl
e 
ca
se
 o
f: 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
60
///
 A
sid
e: 
No
ta
tio
n:
///
A 
co
m
m
on
 th
em
e o
f t
hi
s c
las
s w
ill
 b
e t
o 
in
tro
du
ce
 n
ew
 ef
fe
cts
 an
d 
ge
ne
ra
liz
at
io
ns
 
wh
ile
 k
ee
pi
ng
 fo
rm
ul
at
io
ns
 lo
ok
in
g 
as
 si
m
ila
r a
s p
os
sib
le 
to
 th
e t
he
 m
os
t s
im
pl
e 
re
pr
es
en
tat
io
ns
 g
iv
en
.  
W
he
n 
do
in
g 
so
, w
e w
ill
 o
fte
n 
us
e “
til
de
s”
 to
 d
en
ot
e 
tra
ns
fo
rm
ed
 v
ar
ia
bl
es
 to
 st
re
ss
 th
at 
th
e n
ew
 co
or
di
na
tes
 h
av
e, 
in
 fa
ct
,  
a m
or
e  
co
m
pl
ica
ted
 fo
rm
 th
at
 m
us
t b
e i
nt
er
pr
et
ed
 in
 th
e c
on
tex
t o
f t
he
 an
al
ys
is 
be
in
g 
ca
rri
ed
 o
ut
. S
om
e e
xa
m
pl
es
:
La
rm
or
 fr
am
e t
ra
ns
fo
rm
ati
on
s f
or
 S
ol
en
oi
da
l f
oc
us
in
g
Se
e:
 A
pp
en
di
x 
B 
N
or
m
ali
ze
d 
va
ria
bl
es
 fo
r a
na
ly
sis
 o
f a
cc
el
er
ati
ng
 sy
ste
m
s
Se
e:
 S
10
Co
or
di
na
te
s e
xp
re
ss
ed
 re
lat
iv
e t
o 
th
e b
ea
m
 ce
nt
ro
id
Se
e:
 S
.M
. L
un
d,
 le
ctu
re
s o
n 
Tr
an
sv
er
se
 C
en
tro
id
 an
d 
En
ve
lo
pe
 M
od
el
82
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
61
So
len
oi
d 
pe
rio
di
c l
att
ic
es
 ca
n 
be
 fo
rm
ed
 si
m
ila
rly
 to
 th
e q
ua
dr
up
ol
e c
as
e
Dr
ift
s p
la
ce
d 
be
tw
ee
n 
so
len
oi
ds
 o
f f
in
ite
 ax
ial
 le
ng
th
- A
llo
w
s s
pa
ce
 fo
r d
ia
gn
os
tic
s, 
pu
m
pi
ng
, a
cc
ele
ra
tio
n 
ce
lls
, e
tc.
 
A
na
lo
go
us
 eq
ui
va
le
nc
e c
as
es
 to
 q
ua
dr
up
ol
e 
- P
iec
ew
ise
 co
ns
ta
nt
   
   
of
te
n 
us
ed
Fr
in
ge
 ca
n 
be
 m
or
e i
m
po
rta
nt
 fo
r s
ol
en
oi
ds
 
Si
m
pl
e h
ar
d-
ed
ge
 so
le
no
id
 la
tti
ce
 w
ith
 p
iec
ew
ise
 co
ns
tan
t  
 la
t_
so
l.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
62
///
 E
xa
m
pl
e: 
La
rm
or
 F
ra
m
e P
ar
tic
le 
O
rb
its
 in
 a 
Pe
rio
di
c S
ol
en
oi
da
l F
oc
us
in
g
   
   
   
   
   
   
   
La
tti
ce
:  
   
   
   
  p
ha
se
-sp
ac
e f
or
 h
ar
d 
ed
ge
 el
em
en
ts 
an
d 
ap
pl
ied
 fi
el
ds ///
or
bi
t_
so
l.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
63
Co
m
m
en
ts 
on
 O
rb
its
: 
 L
ar
m
or
-fr
am
e o
rb
its
 st
ro
ng
ly
 d
ev
iat
e f
ro
m
 si
m
pl
e h
ar
m
on
ic 
fo
rm
 d
ue
 to
 
   
pe
rio
di
c f
oc
us
in
g
- M
ul
tip
le
 h
ar
m
on
ic
s p
re
se
nt
- L
es
s c
om
pl
ic
ate
d 
th
at 
qu
ad
ru
po
le
 A
G
 fo
cu
sin
g 
ca
se
 w
he
n 
in
ter
pr
et
ed
 
   
in
 th
e L
ar
m
or
 fr
am
e d
ue
 to
 th
e o
pt
ic
 b
ei
ng
 fo
cu
sin
g 
in
 b
ot
h 
pl
an
es
 O
rb
its
 ca
n 
be
 tr
an
sf
or
m
ed
 b
ac
k 
in
to
 th
e L
ab
or
ato
ry
 fr
am
e u
sin
g 
La
rm
or
 
   
tra
ns
fo
rm
 (s
ee
: A
pp
en
di
x 
B)
- L
ab
or
ato
ry
 fr
am
e o
rb
it 
ex
hi
bi
ts 
m
or
e c
om
pl
ica
ted
 x
-y
 p
la
ne
 co
up
led
 
   
os
ci
lla
to
ry
 st
ru
ct
ur
e
 W
ill
 fi
nd
 la
te
r t
ha
t i
f t
he
 fo
cu
sin
g 
is 
su
ffi
cie
nt
ly
 st
ro
ng
 th
at 
th
e o
rb
it 
ca
n 
   
be
co
m
e u
ns
ta
bl
e (
se
e: 
S5
)
 &-
or
bi
ts 
ha
ve
 sa
m
e p
ro
pe
rti
es
 as
 th
e !
-o
rb
its
 d
ue
 to
 th
e e
qu
at
io
ns
 b
ei
ng
   
de
co
up
led
 an
d 
id
en
tic
al 
in
 fo
rm
 in
 ea
ch
 p
lan
e 
///
So
m
e p
ro
pe
rti
es
 o
f p
ar
tic
le 
or
bi
ts 
in
 so
len
oi
ds
 w
ith
   
wi
ll 
be
 an
aly
ze
d 
in
 th
e p
ro
bl
em
 se
ts
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
64
S2
F:
 S
um
m
ar
y 
of
 T
ra
ns
ve
rs
e P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n
In
 li
ne
ar
 ap
pl
ied
 fo
cu
sin
g 
ch
an
ne
ls,
 w
ith
ou
t m
om
en
tu
m
 sp
re
ad
 o
r r
ad
iat
io
n,
 th
e 
pa
rti
cle
 eq
ua
tio
ns
 o
f m
ot
io
n 
in
 b
ot
h 
th
e !
! a
nd
 &-
pl
an
es
 ex
pr
es
se
d 
as
:
Co
m
m
on
 fo
cu
sin
g 
fu
nc
tio
ns
:
Co
nt
in
uo
us
:
Q
ua
dr
up
ol
e (
El
ec
tri
c o
r M
ag
ne
tic
):
So
len
oi
da
l (
eq
ua
tio
ns
 m
us
t b
e i
nt
er
pr
ete
d 
in
 L
ar
m
or
 F
ra
m
e: 
se
e A
pp
en
di
x 
B)
:
83
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
65
It 
is 
in
str
uc
tiv
e t
o 
re
vi
ew
 th
e s
tru
ctu
re
 o
f s
ol
ut
io
ns
 o
f t
he
 tr
an
sv
er
se
 p
ar
tic
le
 
eq
ua
tio
ns
 o
f m
ot
io
n 
in
 th
e a
bs
en
ce
 o
f:
Sp
ac
e-
ch
ar
ge
:
A
cc
ele
ra
tio
n:
In
 th
is 
sim
pl
e l
im
it,
 th
e !
 an
d 
&-
eq
ua
tio
ns
 ar
e o
f t
he
 sa
m
e H
ill
's 
Eq
ua
tio
n 
fo
rm
: 
Th
es
e e
qu
ati
on
s a
re
 ce
nt
ra
l t
o 
tra
ns
ve
rs
e d
yn
am
ics
 in
 co
nv
en
tio
na
l 
ac
ce
ler
ato
r p
hy
sic
s (
we
ak
 sp
ac
e-
ch
ar
ge
 an
d 
ac
ce
ler
ati
on
)
- W
ill
 st
ud
y 
ho
w 
so
lu
tio
ns
 ch
an
ge
 w
ith
 sp
ac
e-
ch
ar
ge
 in
 la
te
r l
ec
tu
re
s
In
 m
an
y 
ca
se
s b
ea
m
 tr
an
sp
or
t l
at
tic
es
 ar
e d
es
ig
ne
d 
wh
er
e t
he
 ap
pl
ied
 fo
cu
sin
g 
fu
nc
tio
ns
 ar
e p
er
io
di
c:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
66
Co
m
m
on
, s
im
pl
e e
xa
m
pl
es
 o
f p
er
io
di
c l
att
ic
es
:
lat
tic
es
_p
er
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
67
Ho
w
ev
er
, t
he
 fo
cu
sin
g 
fu
nc
tio
ns
 n
ee
d 
no
t b
e p
er
io
di
c:
O
fte
n 
tak
e p
er
io
di
c o
r c
on
tin
uo
us
 in
 th
is 
cl
as
s f
or
 si
m
pl
ic
ity
 o
f i
nt
er
pr
eta
tio
n
Fo
cu
sin
g 
fu
nc
tio
ns
 ca
n 
va
ry
 st
ro
ng
ly
 in
 m
an
y 
co
m
m
on
 si
tu
at
io
ns
:
M
atc
hi
ng
 an
d 
tra
ns
iti
on
 se
ct
io
ns
St
ro
ng
 ac
ce
ler
ati
on
Si
gn
ifi
ca
nt
ly
 d
iff
er
en
t e
lem
en
ts 
ca
n 
oc
cu
r w
ith
in
 p
er
io
ds
 o
f l
att
ic
es
 in
 ri
ng
s
- “
Pa
no
fs
ky
” t
yp
e w
id
e a
pe
rtu
re
 q
ua
dr
up
ol
es
 fo
r b
ea
m
   
in
se
rti
on
 an
d 
ex
tra
cti
on
 in
 a 
rin
g
Ex
am
pl
e o
f N
on
-P
er
io
di
c F
oc
us
in
g 
Fu
nc
tio
ns
: B
ea
m
 M
atc
hi
ng
 S
ec
tio
n
   
 M
ain
tai
ns
 al
te
rn
ati
ng
-g
ra
di
en
t s
tru
ct
ur
e b
ut
 n
ot
 q
ua
si-
pe
rio
di
c
m
at
ch
.p
ng
Ex
am
pl
e c
or
re
sp
on
ds
 to
 
Hi
gh
 C
ur
re
nt
 E
xp
er
im
en
t 
M
atc
hi
ng
 S
ec
tio
n 
(h
ar
d 
ed
ge
 eq
ui
va
le
nt
) 
at
 L
BN
L 
(2
00
2)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
68
Eq
ua
tio
ns
 p
re
se
nt
ed
 in
 th
is 
se
ct
io
n 
ap
pl
y 
to
 a 
sin
gl
e p
ar
tic
le 
m
ov
in
g 
in
 a 
be
am
 
un
de
r t
he
 ac
tio
n 
of
 li
ne
ar
 ap
pl
ied
 fo
cu
sin
g 
fo
rc
es
.  
In
 th
e r
em
ain
in
g 
se
ct
io
ns
, w
e 
wi
ll 
(m
os
tly
) n
eg
lec
t s
pa
ce
-c
ha
rg
e (
   
   
   
   
) a
s i
s c
on
ve
nt
io
na
l i
n 
th
e s
ta
nd
ar
d 
th
eo
ry
 o
f l
ow
-in
ten
sit
y 
ac
ce
ler
ato
rs
.
 W
ha
t w
e l
ea
rn
 fr
om
 tr
ea
tm
en
t w
ill
 la
te
r a
id
 an
al
ys
is 
of
 sp
ac
e-
ch
ar
ge
 ef
fe
cts
- A
pp
ro
pr
ia
te
 v
ar
ia
bl
e s
ub
sti
tu
tio
ns
 w
ill
 b
e m
ad
e t
o 
ap
pl
y 
re
su
lts
Im
po
rta
nt
 to
 u
nd
er
sta
nd
 b
as
ic 
ap
pl
ie
d 
fie
ld
 d
yn
am
ics
 si
nc
e s
pa
ce
-c
ha
rg
e 
   
 co
m
pl
ic
ate
s
- R
es
ul
ts 
in
 p
las
m
a-
lik
e c
ol
lec
tiv
e r
es
po
ns
e
///
 E
xa
m
pl
e: 
 W
e w
ill
 se
e i
n 
Tr
an
sv
er
se
 C
en
tro
id
 an
d 
En
ve
lo
pe
 D
es
cr
ip
tio
ns
 o
f 
Be
am
 E
vo
lu
tio
n 
th
at 
th
e l
in
ea
r p
ar
tic
le
 eq
ua
tio
ns
 o
f m
ot
io
n 
ca
n 
be
 ap
pl
ied
 to
 
an
al
yz
e t
he
 ev
ol
ut
io
n 
of
 a 
be
am
 w
he
n 
im
ag
e c
ha
rg
es
 ar
e n
eg
le
cte
d 
 
///
84
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
69
A
pp
en
di
x 
A
: Q
ua
dr
up
ol
e S
ke
w
 C
ou
pl
in
g
Co
ns
id
er
 a 
qu
ad
ru
po
le 
ac
tiv
el
y 
ro
ta
ted
 th
ro
ug
h 
an
 an
gl
e  
   
 ab
ou
t t
he
 '-
ax
is:
A1
No
rm
al 
O
rie
nt
at
io
n 
Fi
el
ds
El
ec
tri
c
M
ag
ne
tic
Tr
an
sfo
rm
s
sk
ew
_g
eo
m
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
70A
2
Ro
tat
ed
 F
ie
ld
s
El
ec
tri
c
M
ag
ne
tic
Co
m
bi
ne
 eq
ua
tio
ns
, c
ol
le
ct 
te
rm
s, 
an
d 
ap
pl
y 
tri
go
no
m
et
ric
 id
en
tit
ies
 to
 o
bt
ai
n:
Co
m
bi
ne
 eq
ua
tio
ns
, c
ol
le
ct 
te
rm
s, 
an
d 
ap
pl
y 
tri
go
no
m
et
ric
 id
en
tit
ies
 to
 o
bt
ai
n:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
71A
3
Fo
r b
ot
h 
el
ec
tri
c a
nd
 m
ag
ne
tic
 fo
cu
sin
g 
qu
ad
ru
po
le
s, 
th
es
e f
ie
ld
 co
m
po
ne
nt
pr
oj
ec
tio
ns
 ca
n 
be
 in
se
rte
d 
in
 th
e l
in
ea
r f
iel
d 
Eq
ns
 o
f m
ot
io
n 
to
 o
bt
ain
:
Sk
ew
 C
ou
pl
ed
 Q
ua
dr
up
ol
e E
qu
at
io
ns
 o
f M
ot
io
n
Sy
ste
m
 is
 sk
ew
 co
up
le
d:
!-
eq
ua
tio
n 
de
pe
nd
s o
n 
&+
"&
)"
an
d"
&*
eq
ua
tio
n 
on
"!
+"
!)
"fo
r
Sk
ew
-c
ou
pl
in
g 
co
ns
id
er
ab
ly
 co
m
pl
ica
te
s d
yn
am
ic
s
Un
les
s o
th
er
w
ise
 sp
ec
ifi
ed
, w
e c
on
sid
er
 o
nl
y 
qu
ad
ru
po
les
 w
ith
 “n
or
m
al”
 
or
ien
tat
io
n 
wi
th
 
Sk
ew
 co
up
lin
g 
er
ro
rs
 o
r i
nt
en
tio
na
l s
ke
w
 co
up
lin
gs
 ca
n 
be
 im
po
rta
nt
- L
ea
ds
 to
 tr
an
sf
er
 o
f o
sc
ill
ati
on
s e
ne
rg
y 
be
tw
ee
n 
! a
nd
 &-
pl
an
es
 
- I
nv
ar
ian
ts 
m
uc
h 
m
or
e c
om
pl
ic
ate
d 
to
 co
ns
tru
ct
/in
ter
pr
et
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
72A
4
Th
e s
ke
w 
co
up
led
 eq
ua
tio
ns
 o
f m
ot
io
n 
ca
n 
be
 al
ter
na
tiv
el
y 
de
riv
ed
 b
y
ac
tiv
el
y 
ro
tat
in
g 
th
e q
ua
dr
up
ol
e e
qu
ati
on
 o
f m
ot
io
n 
in
 th
e f
or
m
:
St
ep
s a
re
 th
en
 id
en
tic
al
 w
he
th
er
 q
ua
dr
up
ol
es
 ar
e e
lec
tri
c o
r m
ag
ne
tic
85
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
73
A
pp
en
di
x 
B:
 T
he
 L
ar
m
or
 T
ra
ns
fo
rm
 to
 E
xp
re
ss
 S
ol
en
oi
da
l 
Fo
cu
se
d 
Pa
rti
cle
 E
qu
ati
on
s o
f M
ot
io
n 
in
 U
nc
ou
pl
ed
 F
or
m
So
len
oi
d 
eq
ua
tio
ns
 o
f m
ot
io
n:
To
 si
m
pl
ify
 al
ge
br
a, 
in
tro
du
ce
 th
e c
om
pl
ex
 co
or
di
na
te
Th
en
 th
e t
wo
 eq
ua
tio
ns
 ca
n 
be
 ex
pr
es
se
d 
as
 a 
sin
gl
e c
om
pl
ex
 eq
ua
tio
n
B1
N
ot
e*
 co
nt
ex
t c
lar
ifi
es
 u
se
 o
f #
 
(p
ar
tic
le 
in
de
x,
 in
iti
al 
co
nd
, c
om
pl
ex
 #)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
74
If 
th
e p
ot
en
tia
l i
s a
lso
 ax
isy
m
m
etr
ic 
wi
th
   
   
   
   
   
   
   
:
th
en
 th
e c
om
pl
ex
 fo
rm
 eq
ua
tio
n 
of
 m
ot
io
n 
re
du
ce
s t
o:
Fo
llo
wi
ng
 W
ied
em
an
n,
 V
ol
 II
, p
g 
82
, i
nt
ro
du
ce
 a 
tra
ns
fo
rm
ed
 co
m
pl
ex
 v
ar
ia
bl
e t
ha
t 
is 
a l
oc
al
 ((
-v
ar
yi
ng
) r
ot
at
io
n:
B2
lar
m
or
_g
eo
m
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
75
Th
en
:
an
d 
th
e c
om
pl
ex
 fo
rm
 eq
ua
tio
ns
 o
f m
ot
io
n 
be
co
m
e:
Fr
ee
 to
 ch
oo
se
 th
e f
or
m
 o
f  
   
  C
an
 ch
oo
se
 to
 el
im
in
ate
 im
ag
in
ar
y 
ter
m
s i
n 
[ .
...
 ] 
by
 ta
ki
ng
: 
B3
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
76
Us
in
g 
th
es
e r
es
ul
ts,
 th
e c
om
pl
ex
 fo
rm
 eq
ua
tio
ns
 o
f m
ot
io
n 
re
du
ce
 to
:
Or
 u
sin
g 
   
   
   
   
   
   
   
, t
he
 eq
ua
tio
ns
 ca
n 
be
 ex
pr
es
se
d 
in
 d
ec
ou
pl
ed
  
   
   
   
  v
ar
ia
bl
es
 in
 th
e L
ar
m
or
 F
ra
m
e a
s:
Eq
ua
tio
ns
 o
f m
ot
io
n 
ar
e u
nc
ou
pl
ed
 b
ut
 m
us
t b
e i
nt
er
pr
et
ed
 in
 
th
e r
ot
at
in
g 
La
rm
or
 fr
am
e
 S
am
e f
or
m
 as
 q
ua
dr
up
ol
es
 b
ut
 w
ith
 fo
cu
sin
g 
fu
nc
tio
n 
sa
m
e s
ig
n 
in
 ea
ch
 p
lan
e B4
86
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
77
Th
e r
ot
at
io
na
l t
ra
ns
fo
rm
ati
on
 to
 th
e L
ar
m
or
 F
ra
m
e c
an
 b
e e
ffe
ct
ed
 b
y 
in
te
gr
at
in
g 
th
e e
qu
ati
on
 fo
r 
He
re
,  
   
 is
 so
m
e v
alu
e o
f (
 w
he
re
 th
e i
ni
tia
l c
on
di
tio
ns
 ar
e t
ak
en
.
Ta
ke
   
   
   
   
   
wh
er
e a
xi
al 
fie
ld
 is
 ze
ro
 fo
r s
im
pl
es
t i
nt
er
pr
et
ati
on
 
   
(se
e: 
pg
 B
6)
B5
Be
ca
us
e
th
e l
oc
al 
   
   
   
   
  L
ar
m
or
 fr
am
e i
s r
ot
ati
ng
 at
 ½
 o
f t
he
 lo
ca
l"(
-v
ar
yi
ng
 cy
cl
ot
ro
n 
fre
qu
en
cy
If 
   
   
   
   
   
   
   
   
,  
th
en
 th
e L
ar
m
or
 fr
am
e i
s u
ni
fo
rm
ly
 ro
tat
in
g 
as
 is
 w
el
l 
kn
ow
n 
fro
m
 el
em
en
tar
y 
tex
tb
oo
ks
 (s
ee
 p
ro
bl
em
 se
ts)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
78B
6
Th
e c
om
pl
ex
 fo
rm
 p
ha
se
-sp
ac
e t
ra
ns
fo
rm
ati
on
 an
d 
in
ve
rs
e t
ra
ns
fo
rm
ati
on
s a
re
:
Ap
pl
y 
to
:
Pr
oj
ec
t i
ni
tia
l c
on
di
tio
ns
 fr
om
 la
b-
fra
m
e w
he
n 
in
te
gr
ati
ng
 eq
ua
tio
ns
 
Pr
oj
ec
t i
nt
eg
ra
ted
 so
lu
tio
n 
ba
ck
 to
 la
b-
fra
m
e t
o 
in
ter
pr
et
 so
lu
tio
n
If 
th
e i
ni
tia
l c
on
di
tio
n 
   
   
   
   
is 
ta
ke
n 
ou
tsi
de
 o
f t
he
 m
ag
ne
tic
 fi
el
d 
w
he
re
   
   
   
   
   
   
   
  ,
   
th
en
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
79B
7
Th
e s
ol
ut
io
n 
in
 th
e l
ab
or
at
or
y 
fra
m
e c
an
 b
e e
xp
re
ss
ed
 in
 co
m
po
ne
nt
 fo
rm
 u
sin
g 
th
e r
ea
l a
nd
 im
ag
in
ar
y 
pa
rts
 o
f t
he
 co
m
pl
ex
 fo
rm
 tr
an
sf
or
m
ati
on
s t
o 
ob
tai
n:
He
re
 w
e u
se
d 
th
e t
ra
ns
fo
rm
s a
nd
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
80
S3
: D
es
cr
ip
tio
n 
of
 A
pp
lie
d 
Fo
cu
sin
g 
Fi
el
ds
 
S3
A:
 O
ve
rv
iew
Ap
pl
ie
d 
fie
ld
s f
or
 fo
cu
sin
g,
 b
en
di
ng
, a
nd
 ac
ce
ler
ati
on
 en
ter
 th
e e
qu
at
io
ns
 o
f 
m
ot
io
n 
vi
a:
Ge
ne
ra
lly
, t
he
se
 fi
eld
s a
re
 p
ro
du
ce
d 
by
 so
ur
ce
s (
of
ten
 st
at
ic 
or
 sl
ow
ly
 v
ar
yi
ng
 in
 
tim
e)
 lo
ca
te
d 
ou
tsi
de
 an
 ap
er
tu
re
 o
r s
o-
ca
lle
d 
pi
pe
 ra
di
us
   
   
   
   
  .
   
Fo
r e
xa
m
pl
e, 
th
e e
le
ctr
ic
 an
d 
m
ag
ne
tic
 q
ua
dr
up
ol
es
 o
f S
2:
El
ec
tri
c Q
ua
dr
up
ol
e
M
ag
ne
tic
 Q
ua
dr
up
ol
e
Hy
pe
rb
ol
ic
m
at
er
ial
  
su
rfa
ce
s o
ut
sid
e 
pi
pe
 ra
di
us
87
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
81
Th
e f
ie
ld
s o
f s
uc
h 
cla
ss
es
 o
f m
ag
ne
ts 
ob
ey
 th
e v
ac
uu
m
 M
ax
w
ell
 E
qu
ati
on
s w
ith
in
 
th
e a
pe
rtu
re
:
If 
th
e f
ie
ld
s a
re
 st
at
ic 
or
 su
ffi
cie
nt
ly
 sl
ow
ly
 v
ar
yi
ng
 (q
ua
sis
ta
tic
) w
he
re
 th
e t
im
e 
de
riv
ati
ve
 te
rm
s c
an
 b
e n
eg
lec
te
d,
 th
en
 th
e f
ie
ld
s i
n 
th
e a
pe
rtu
re
 w
ill
 o
be
y 
th
e 
sta
tic
 v
ac
uu
m
 M
ax
we
ll 
eq
ua
tio
ns
:
In
 g
en
er
al
, o
pt
ic
al 
el
em
en
ts 
ar
e t
un
ed
 to
 li
m
it 
th
e s
tre
ng
th
 o
f n
on
lin
ea
r f
iel
d 
ter
m
s 
so
 th
e b
ea
m
 ex
pe
rie
nc
es
 p
rim
ar
ily
 li
ne
ar
 ap
pl
ie
d 
fie
ld
s.
Li
ne
ar
 fi
el
ds
 al
lo
w
 b
et
ter
 p
re
se
rv
at
io
n 
of
 b
ea
m
 q
ua
lit
y
Re
m
ov
al
 o
f a
ll 
no
nl
in
ea
r f
ie
ld
s c
an
no
t b
e a
cc
om
pl
ish
ed
3D
 st
ru
ctu
re
 o
f t
he
 M
ax
we
ll 
eq
ua
tio
ns
 p
re
clu
de
s f
or
 fi
ni
te 
ge
om
etr
y 
op
tic
s 
Ev
en
 in
 fi
ni
te 
ge
om
et
rie
s d
ev
ia
tio
ns
 fr
om
 o
pt
im
al
 st
ru
ct
ur
es
 an
d 
sy
m
m
etr
y 
wi
ll 
re
su
lt 
in
 n
on
lin
ea
r f
iel
ds
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
82
As
 an
 ex
am
pl
e o
f t
hi
s, 
wh
en
 an
 id
ea
l 2
D 
iro
n 
m
ag
ne
t w
ith
 in
fin
ite
 h
yp
er
bo
lic
 
po
les
 is
 tr
un
ca
ted
 ra
di
all
y 
fo
r f
in
ite
 2
D 
ge
om
etr
, t
hi
s  
lea
ds
 to
 n
on
lin
ea
r f
oc
us
in
g 
fie
ld
s e
ve
n 
in
 2
D:
 T
ru
nc
ati
on
 n
ec
es
sa
ry
 al
on
g 
w
ith
 co
nf
in
em
en
t o
f r
et
ur
n 
flu
x 
in
 y
ok
e
Cr
os
s-S
ec
tio
ns
 o
f I
ro
n 
Qu
ad
ru
po
le 
M
ag
ne
ts
Id
ea
l (
in
fin
ite
 g
eo
m
etr
y)
Pr
ac
tic
al 
(fi
ni
te 
ge
om
etr
y)
qu
ad
_i
de
al.
pn
g
qu
ad
_p
ra
c.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
83
Th
e d
es
ig
n 
of
 o
pt
im
ize
d 
ele
ct
ric
 an
d 
m
ag
ne
tic
 o
pt
ic
s f
or
 ac
ce
le
ra
to
rs
 is
 a 
sp
ec
ial
ize
d 
to
pi
c w
ith
 a 
va
st 
lit
er
atu
re
.  
It 
is 
no
t b
e p
os
sib
le 
to
 co
ve
r t
hi
s t
op
ic
 in
 
th
is 
br
ie
f s
ur
ve
y.
   
In
 th
e r
em
ain
in
g 
pa
rt 
of
 th
is 
se
cti
on
 w
e w
ill
 o
ve
rv
ie
w 
a l
im
ite
d 
su
bs
et
 o
f m
ate
ria
l o
n 
m
ag
ne
tic
 o
pt
ic
s i
nc
lu
di
ng
:
(s
ee
: S
3B
) M
ag
ne
tic
 fi
eld
 ex
pa
ns
io
ns
 fo
r f
oc
us
in
g 
an
d 
be
nd
in
g
(s
ee
: S
3C
) H
ar
d 
ed
ge
 eq
ui
va
len
t m
od
el
s
(s
ee
: S
3D
) 2
D 
m
ul
tip
ol
e m
od
els
 an
d 
no
nl
in
ea
r f
iel
d 
sc
ali
ng
s
(s
ee
: S
3E
) G
oo
d 
fie
ld
 ra
di
us
M
uc
h 
of
 th
e m
ate
ria
l p
re
se
nt
ed
 ca
n 
be
 im
m
ed
iat
ely
 ap
pl
ied
 to
 st
ati
c E
lec
tri
c 
Op
tic
s s
in
ce
 th
e v
ac
uu
m
 M
ax
w
ell
 eq
ua
tio
ns
 ar
e t
he
 sa
m
e f
or
 st
ati
c E
le
ctr
ic
 
an
d 
M
ag
ne
tic
   
   
   
fie
ld
s i
n 
va
cu
um
.  
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
84
S3
B:
 M
ag
ne
tic
 F
ie
ld
 E
xp
an
sio
ns
 fo
r F
oc
us
in
g 
an
d 
Be
nd
in
g 
 
Tr
an
sv
er
se
 m
ag
ne
tic
 fo
rc
es
 en
te
r t
he
 tr
an
sv
er
se
 eq
ua
tio
ns
 o
f m
ot
io
n 
(se
e:
 S
1,
 S
2)
 
vi
a:
Fo
rc
e:
Fi
eld
:
Co
m
bi
ne
d 
th
es
e g
iv
e:
Fi
eld
 co
m
po
ne
nt
s e
nt
er
in
g 
th
es
e e
xp
re
ss
io
ns
 ca
n 
be
 ex
pa
nd
ed
 ab
ou
t 
El
em
en
t c
en
ter
 an
d 
de
sig
n 
or
bi
t t
ak
en
 to
 b
e a
t 
N
on
lin
ea
r F
oc
us
N
on
lin
ea
r F
oc
us
Te
rm
s:
1:
  D
ip
ol
e B
en
d
2:
  N
or
m
al
 
   
   
Q
ua
d 
Fo
cu
s
3:
  S
ke
w
   
  Q
ua
d 
Fo
cu
s
1
2
3
1
2
3
88
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
85
So
ur
ce
s o
f u
nd
es
ire
d 
no
nl
in
ea
r a
pp
lie
d 
fie
ld
 co
m
po
ne
nt
s i
nc
lu
de
:
In
tri
ns
ic 
fin
ite
 3
D 
ge
om
etr
y 
an
d 
th
e s
tru
ct
ur
e o
f t
he
 M
ax
we
ll 
eq
ua
tio
ns
 
Sy
ste
m
ati
c e
rro
rs
 o
r s
ub
-o
pt
im
al
 g
eo
m
et
ry
 as
so
ci
at
ed
 w
ith
 p
ra
cti
ca
l t
ra
de
-o
ffs
 
in
 fa
br
ica
tin
g 
th
e o
pt
ic
Ra
nd
om
 co
ns
tru
ct
io
n 
er
ro
rs
 in
 in
di
vi
du
al
 o
pt
ica
l e
lem
en
ts 
Al
ig
nm
en
t e
rro
rs
 o
f m
ag
ne
ts 
in
 th
e l
att
ice
 g
iv
in
g 
fie
ld
 p
ro
jec
tio
ns
 in
 
un
wa
nt
ed
 d
ire
cti
on
s
Ex
cit
ati
on
 er
ro
rs
 ef
fe
ct
in
g 
th
e f
iel
d 
str
en
gt
h 
- C
ur
re
nt
s i
n 
co
ils
 n
ot
 co
rre
ct 
an
d/
or
 u
nb
al
an
ce
d
M
or
e a
dv
an
ce
d 
tre
at
m
en
ts 
ex
pl
oi
t l
es
s s
im
pl
e p
ow
er
-s
er
ies
 ex
pa
ns
io
ns
 to
 ex
pr
es
s 
sy
m
m
et
rie
s m
or
e c
le
ar
ly
:
M
ax
we
ll 
eq
ua
tio
ns
 co
ns
tra
in
 st
ru
ct
ur
e o
f s
ol
ut
io
ns
Fo
rm
s a
pp
ro
pr
ia
te
 fo
r b
en
t c
oo
rd
in
at
e s
ys
tem
s i
n 
di
po
le
 b
en
ds
 ca
n 
be
co
m
e 
co
m
pl
ic
ate
d
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
86
S3
C:
 H
ar
d 
Ed
ge
 E
qu
iv
al
en
t M
od
el
s
Re
al
 3
D 
m
ag
ne
ts 
ca
n 
of
te
n 
be
 m
od
el
ed
 w
ith
 su
ffi
cie
nt
 ac
cu
ra
cy
 b
y 
2D
 h
ar
d-
ed
ge
 
“e
qu
iv
ale
nt
” m
ag
ne
ts 
th
at
 g
iv
e t
he
 sa
m
e a
pp
ro
xi
m
at
e f
oc
us
in
g 
im
pu
lse
 to
 th
e 
pa
rti
cle
 as
 th
e f
ul
l 3
D 
m
ag
ne
t
Ob
je
cti
ve
 is
 to
 p
ro
vi
de
 sa
m
e a
pp
ro
xi
m
ate
 ap
pl
ie
d 
fo
cu
sin
g 
“k
ick
” t
o 
pa
rti
cl
es
 
wi
th
 d
iff
er
en
t g
ra
di
en
t f
oc
us
in
g 
gr
ad
ien
t f
un
cti
on
s -
"(
#
Se
e F
ig
ur
e N
ex
t S
lid
e
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
87
eq
ui
v_
fri
ng
e.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
88
M
an
y 
pr
es
cr
ip
tio
ns
 ex
ist
 fo
r c
alc
ul
ati
ng
 th
e e
ffe
ct
iv
e a
xi
al 
le
ng
th
 an
d 
str
en
gt
h 
of
 
ha
rd
-e
dg
e e
qu
iv
ale
nt
 m
od
el
s
Se
e R
ev
ie
w:
 L
un
d 
an
d 
Bu
kh
, P
RS
TA
B 
7 
20
48
01
 (2
00
4)
, A
pp
en
di
x 
C
He
re
 w
e o
ve
rv
ie
w 
a s
im
pl
e e
qu
iv
ale
nc
e m
eth
od
 th
at
 h
as
 b
ee
n 
sh
ow
n 
to
 w
or
k 
we
ll:
Fo
r a
 re
lat
iv
ely
 lo
ng
, b
ut
 fi
ni
te 
ax
ia
l l
en
gt
h 
m
ag
ne
t w
ith
 3
D 
gr
ad
ien
t f
un
cti
on
:
Ta
ke
 h
ar
d-
ed
ge
 eq
ui
va
le
nt
 p
ar
am
et
er
s:
As
su
m
e '
"=
 0
 at
 th
e a
xi
al
 m
ag
ne
t m
id
-p
la
ne
G
ra
di
en
t:
A
xi
al
 L
en
gt
h:
M
or
e a
dv
an
ce
d 
eq
ui
va
len
ce
s c
an
 b
e m
ad
e b
as
ed
 m
or
e o
n 
pa
rti
cle
 o
pt
ic
s 
- D
isa
dv
an
ta
ge
 o
f s
uc
h 
m
et
ho
ds
 is
 “e
qu
iv
ale
nc
e”
 ch
an
ge
s w
ith
 p
ar
tic
le 
   
en
er
gy
 an
d 
m
us
t b
e r
ev
isi
ted
 as
 o
pt
ics
 ar
e t
un
ed
89
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
89
2D
 E
ffe
ct
iv
e F
iel
ds
3D
 F
iel
ds
In
 m
an
y 
ca
se
s, 
it 
is 
su
ffi
cie
nt
 to
 ch
ar
ac
ter
ize
 th
e f
iel
d 
er
ro
rs
 in
 2
D 
ha
rd
-e
dg
e 
eq
ui
va
len
t a
s:
Op
er
ati
ng
 o
n 
th
e v
ac
uu
m
 M
ax
w
ell
 eq
ua
tio
ns
 w
ith
:
yi
el
ds
 th
e (
ex
ac
t) 
2D
 T
ra
ns
ve
rs
e M
ax
we
ll 
eq
ua
tio
ns
 :
S3
D:
 2
D 
Tr
an
sv
er
se
 M
ul
tip
ol
e M
ag
ne
tic
 F
ie
ld
s 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
90
Th
es
e e
qu
ati
on
s a
re
 re
co
gn
ize
d 
as
 th
e C
au
ch
y-
Ri
em
an
n 
co
nd
iti
on
s f
or
 a 
co
m
pl
ex
 fi
eld
 v
ar
iab
le:
to
 b
e a
n 
an
aly
tic
al
 fu
nc
tio
n 
of
 th
e c
om
pl
ex
 v
ar
iab
le:
No
te
 th
at
 th
e !
 an
d"
& c
om
po
ne
nt
s a
re
 ex
ch
an
ge
d 
fro
m
 th
e “
us
ua
l”
 co
m
pl
ex
 
or
de
rin
g 
in
 th
e f
iel
d 
va
ria
bl
e  
   
   
.  
Th
is 
is 
no
t a
 ty
po
.  
 T
he
 co
or
di
na
te 
   
   
ha
s t
he
 u
su
al 
or
de
rin
g
N
ot
ati
on
:
U
nd
er
lin
es
 d
en
ot
e 
co
m
pl
ex
 v
ar
iab
le
s
It 
fo
llo
ws
 th
at
   
   
   
   
 ca
n 
be
 an
aly
ze
d 
us
in
g 
th
e f
ul
l p
ow
er
 o
f t
he
 h
ig
hl
y 
de
ve
lo
pe
d 
th
eo
ry
 o
f a
na
ly
tic
al
 fu
nc
tio
ns
 o
f a
 co
m
pl
ex
 v
ar
ia
bl
e. 
 
Ex
pa
nd
   
   
   
  a
s a
 L
au
re
nt
 S
er
ies
 w
ith
in
 th
e v
ac
uu
m
 ap
er
tu
re
 as
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
91
Th
e  
   
   
   
ar
e c
all
ed
 “m
ul
tip
ol
e c
oe
ffi
ci
en
ts”
 an
d 
gi
ve
 th
e s
tru
ctu
re
 o
f t
he
 fi
eld
.  
Th
e m
ul
tip
ol
e c
oe
ffi
ci
en
ts 
ca
n 
be
 re
so
lv
ed
 in
to
 re
al 
an
d 
im
ag
in
ar
y 
pa
rts
 as
:
So
m
e a
lg
eb
ra
 id
en
tif
ies
 th
e p
ol
yn
om
ia
l s
ym
m
et
rie
s o
f t
he
 te
rm
s a
s:
Co
m
m
en
ts:
Re
as
on
 fo
r p
ol
e n
am
es
 m
os
t a
pp
ar
en
t f
ro
m
 p
ol
ar
 re
pr
es
en
ta
tio
n 
  (
se
e f
ol
lo
wi
ng
 p
ag
es
) a
nd
 sk
etc
he
s o
f t
he
 m
ag
ne
tic
 p
ol
e s
tru
ctu
re
Ca
ut
io
n:
 In
 E
ur
op
e, 
po
les
 ar
e o
fte
n 
la
be
le
d 
w
ith
 in
de
x 
.
 -1
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
92
M
ag
ne
tic
 P
ol
e S
ym
m
et
rie
s (
no
rm
al 
or
ie
nt
ati
on
):
Di
po
le
 (n
=1
)
Qu
ad
ru
po
le
 (n
=2
)
Se
xt
up
ol
e (
n=
3)
m
ag
_d
ip
.p
ng
m
ag
_q
ua
d.
pn
g
m
ag
_s
ex
.p
ng
A
cti
ve
ly
 ro
ta
te 
str
uc
tu
re
s c
lo
ck
w
ise
 th
ro
ug
h 
an
 an
gl
e o
f  
 
  f
or
 sk
ew
 co
m
po
ne
nt
 sy
m
m
etr
ies
90
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
93
Hi
gh
er
 o
rd
er
 m
ul
tip
ol
e c
oe
ffi
cie
nt
s (
lar
ge
r .
 v
alu
es
) l
ea
di
ng
 to
 n
on
lin
ea
r f
oc
us
in
g 
fo
rc
es
 d
ec
re
as
e r
ap
id
ly
 w
ith
in
 th
e a
pe
rtu
re
.  
 T
o 
se
e t
hi
s u
se
 a 
po
lar
 re
pr
es
en
tat
io
n 
fo
r 
Th
us
, t
he
 n
th
 o
rd
er
 m
ul
tip
ol
e t
er
m
s s
ca
le 
as
Un
le
ss
 th
e c
oe
ffi
cie
nt
   
   
   
  i
s v
er
y 
la
rg
e, 
hi
gh
 o
rd
er
 te
rm
s i
n 
.
 w
ill
 b
ec
om
e 
sm
al
l r
ap
id
ly
 as
   
   
 d
ec
re
as
es
Be
tte
r f
iel
d 
qu
al
ity
 ca
n 
be
 o
bt
ain
ed
 fo
r a
 g
iv
en
 m
ag
ne
t d
es
ig
n 
by
 si
m
pl
y 
m
ak
in
g 
th
e c
lea
r b
or
e  
   
  l
ar
ge
r, 
or
 al
ter
na
tiv
ely
 u
sin
g 
sm
al
ler
 b
un
dl
es
 (m
or
e 
tig
ht
 fo
cu
s)
 o
f p
ar
tic
le
s
- L
ar
ge
r b
or
e m
ac
hi
ne
s/m
ag
ne
ts 
co
st 
m
or
e. 
 S
o 
de
sig
ns
 b
ec
om
e t
ra
de
-o
ff 
  b
et
we
en
 co
st 
an
d 
pe
rfo
rm
an
ce
.  
- S
tro
ng
er
 fo
cu
sin
g 
ca
n 
al
so
 b
e u
ns
ta
bl
e (
se
e:
 S
5)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
94
S3
E:
 G
oo
d 
Fi
el
d 
Ra
di
us
 
Of
ten
 a 
m
ag
ne
t d
es
ig
n 
wi
ll 
ha
ve
 a 
so
-c
all
ed
 “g
oo
d-
fie
ld
” r
ad
iu
s  
   
   
   
   
 th
at 
th
e 
m
ax
im
um
 fi
eld
 er
ro
rs
 ar
e s
pe
cif
ie
d 
on
. 
In
 su
pe
rio
r d
es
ig
ns
 th
e g
oo
d 
fie
ld
 ra
di
us
 ca
n 
be
 ar
ou
nd
 ~
70
%
 o
r m
or
e o
f t
he
 
cle
ar
 b
or
e a
pe
rtu
re
 to
 th
e b
eg
in
ni
ng
 o
f m
at
er
ia
l s
tru
ct
ur
es
 o
f t
he
 m
ag
ne
t.
Be
am
 p
ar
tic
les
 sh
ou
ld
 ev
ol
ve
 w
ith
 ra
di
al
 ex
cu
rs
io
ns
 w
ith
  
qu
ad
_g
f.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
95
Co
m
m
en
ts:
Pa
rti
cl
e o
rb
its
 ar
e d
es
ig
ne
d 
to
 re
m
ain
 w
ith
in
 ra
di
us
  
Fi
el
d 
er
ro
r s
tat
em
en
ts 
ar
e r
ea
di
ly
 g
en
er
ali
ze
d 
to
 3
D 
sin
ce
:
   
an
d 
th
er
ef
or
e e
ac
h 
co
m
po
ne
nt
 o
f  
   
   
sa
tis
fie
s a
 L
ap
la
ce
 eq
ua
tio
n 
wi
th
in
 th
e 
va
cu
um
 ap
er
tu
re
.  
Th
er
ef
or
e, 
fie
ld
 er
ro
rs
 d
ec
re
as
e w
he
n 
m
ov
in
g 
wi
th
in
 a 
so
ur
ce
-fr
ee
 re
gi
on
.  
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
96
S3
F:
 E
xa
m
pl
e P
er
m
an
en
t M
ag
ne
t A
ss
em
bl
ies
A 
fe
w 
ex
am
pl
es
 o
f p
ra
cti
ca
l p
er
m
an
en
t m
ag
ne
t a
ss
em
bl
ie
s w
ith
 fi
eld
 co
nt
ou
rs
 ar
e 
pr
ov
id
ed
 to
 il
lu
str
ate
 er
ro
r f
iel
d 
str
uc
tu
re
s i
n 
pr
ac
tic
al 
de
vi
ce
s
Fo
r m
or
e i
nf
o 
on
 
pe
rm
an
en
t m
ag
ne
t d
es
ig
n 
se
e:
  L
un
d 
an
d 
Ha
lb
ac
h,
 
Fu
sio
n 
En
gi
ne
er
in
g 
De
sig
n,
 
32
-3
3, 
40
1-
41
5 
(1
99
6)
91
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
97
S4
: T
ra
ns
ve
rs
e P
ar
tic
le
 E
qu
at
io
ns
 o
f M
ot
io
n 
w
ith
 
   
   
 N
on
lin
ea
r A
pp
lie
d 
Fi
eld
s  
   
   
  S
4A
:  
O
ve
rv
ie
w 
In
 S
1 
w
e s
ho
we
d 
th
at 
th
e p
ar
tic
le
 eq
ua
tio
ns
 o
f m
ot
io
n 
ca
n 
be
 ex
pr
es
se
d 
as
:
W
he
n 
m
om
en
tu
m
 sp
re
ad
 is
 n
eg
lec
te
d 
an
d 
re
su
lts
 ar
e i
nt
er
pr
et
ed
 in
 a 
Ca
rte
sia
n 
co
or
di
na
te 
sy
ste
m
 (n
o 
be
nd
s).
   
 In
 S
2,
 w
e s
ho
we
d 
th
at 
th
es
e e
qu
ati
on
s c
an
 b
e 
fu
rth
er
 re
du
ce
d 
w
he
n 
th
e a
pp
lie
d 
fo
cu
sin
g 
fie
ld
s a
re
 li
ne
ar
 to
:
wh
er
e
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
98
de
sc
rib
e t
he
 li
ne
ar
 ap
pl
ied
 fo
cu
sin
g 
fo
rc
es
 an
d 
th
e e
qu
ati
on
s a
re
 im
pl
ici
tly
 
an
al
yz
ed
 in
 th
e r
ot
at
in
g 
La
rm
or
 fr
am
e w
he
n 
   
   
   
   
  .
La
tti
ce
 d
es
ig
ns
 at
te
m
pt
 to
 m
in
im
iz
e n
on
lin
ea
r a
pp
lie
d 
fie
ld
s. 
  H
ow
ev
er
, t
he
 3
D 
M
ax
we
ll 
eq
ua
tio
ns
 sh
ow
 th
at 
th
er
e w
ill
 a
lw
ay
s b
e s
om
e f
in
ite
 n
on
lin
ea
r a
pp
lie
d 
fie
ld
s f
or
 an
 ap
pl
ied
 fo
cu
sin
g 
ele
m
en
t w
ith
 fi
ni
te 
ex
te
nt
.  
Ap
pl
ie
d 
fie
ld
 
no
nl
in
ea
rit
ie
s a
lso
 re
su
lt 
fro
m
:
De
sig
n 
id
ea
liz
at
io
ns
Fa
br
ica
tio
n 
an
d 
m
at
er
ial
 er
ro
rs
 
Th
e l
ar
ge
st 
so
ur
ce
 o
f n
on
lin
ea
r t
er
m
s w
ill
 d
ep
en
d 
on
 th
e c
as
e a
na
ly
ze
d.
  
No
nl
in
ea
r a
pp
lie
d 
fie
ld
s m
us
t b
e a
dd
ed
 b
ac
k 
in
 th
e i
de
ali
ze
d 
m
od
el 
w
he
n 
it 
is 
ap
pr
op
ria
te
 to
 an
al
yz
e t
he
ir 
ef
fe
ct
s
Co
m
m
on
 p
ro
bl
em
 to
 ad
dr
es
s w
he
n 
ca
rry
in
g 
ou
t l
ar
ge
-s
ca
le 
nu
m
er
ic
al
 
sim
ul
ati
on
s t
o 
de
sig
n/
an
aly
ze
 sy
ste
m
s
Th
er
e a
re
 tw
o 
ba
sic
 ap
pr
oa
ch
es
 to
 ca
rry
 th
is 
ou
t:
A
pp
ro
ac
h 
1:
  E
xp
lic
it 
3D
 F
or
m
ul
ati
on
A
pp
ro
ac
h 
2:
  P
er
tu
rb
at
io
ns
 A
bo
ut
 L
in
ea
r A
pp
lie
d 
Fi
eld
 M
od
el
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
99
Th
is 
is 
th
e s
im
pl
es
t. 
 Ju
st 
em
pl
oy
 th
e f
ul
l 3
D 
eq
ua
tio
ns
 o
f m
ot
io
n 
ex
pr
es
se
d 
in
 
ter
m
s o
f t
he
 ap
pl
ied
 fi
eld
 co
m
po
ne
nt
s  
   
   
   
   
   
an
d 
av
oi
d 
us
in
g 
th
e f
oc
us
in
g 
fu
nc
tio
ns
   
   
 
Co
m
m
en
ts:
M
os
t e
as
y 
to
 ap
pl
y 
in
 co
m
pu
ter
 si
m
ul
ati
on
s w
he
re
 m
an
y 
ef
fe
cts
 ar
e 
sim
ul
tan
eo
us
ly
 in
clu
de
d
- S
im
pl
ifi
es
 co
m
pa
ris
on
 to
 ex
pe
rim
en
ts 
wh
en
 m
an
y 
de
tai
ls 
m
at
ter
 
   
fo
r h
ig
h 
lev
el 
ag
re
em
en
t 
Si
m
pl
ifi
es
 si
m
ul
ta
ne
ou
s i
nc
lu
sio
n 
of
 tr
an
sv
er
se
 an
d 
lo
ng
itu
di
na
l e
ffe
cts
 
- A
cc
ele
ra
tin
g 
fie
ld
   
   
  c
an
 b
e i
nc
lu
de
d 
to
 ca
lcu
lat
e c
ha
ng
es
 in
   
- T
ra
ns
ve
rs
e a
nd
 lo
ng
itu
di
na
l d
yn
am
ic
s c
an
no
t b
e f
ul
ly
 d
ec
ou
pl
ed
 in
 
   
hi
gh
 le
ve
l m
od
el
in
g 
– 
es
pe
ci
all
y 
try
 w
he
n 
ac
ce
ler
ati
on
 is
 st
ro
ng
 in
 
   
sy
ste
m
s l
ik
e i
nj
ec
to
rs
 
Ca
n 
be
 ap
pl
ied
 w
ith
 ti
m
e b
as
ed
 eq
ua
tio
ns
 o
f m
ot
io
n 
(se
e:
 S
1)
 
- H
elp
s a
vo
id
 u
ni
t c
on
fu
sio
n 
an
d 
co
nt
in
uo
us
ly
 ad
ju
sti
ng
 co
m
pl
ica
te
d 
   
   
   
  e
qu
at
io
ns
 o
f m
ot
io
n 
to
 id
en
tif
y 
th
e a
xi
al 
co
or
di
na
te
 ( 
ap
pr
op
ria
tel
y 
S4
B:
 A
pp
ro
ac
h 
1:
 E
xp
lic
it 
3D
 F
or
m
ul
ati
on
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
0
Ex
pl
oi
t t
he
 li
ne
ar
ity
 o
f t
he
 M
ax
we
ll 
eq
ua
tio
ns
 to
 ta
ke
:
wh
er
e
to
 ex
pr
es
s t
he
 eq
ua
tio
ns
 o
f m
ot
io
n 
as
:
ar
e t
he
 li
ne
ar
 fi
eld
 co
m
po
ne
nt
s 
in
co
rp
or
at
ed
 in
S4
C:
 A
pp
ro
ac
h 
2:
 P
er
tu
rb
at
io
ns
 A
bo
ut
 L
in
ea
r A
pp
lie
d 
Fi
el
d 
M
od
el
 
92
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
1
Th
is 
fo
rm
ul
ati
on
 ca
n 
be
 m
os
t u
se
fu
l t
o 
un
de
rs
ta
nd
 th
e e
ffe
ct
 o
f d
ev
iat
io
ns
 fr
om
 
th
e u
su
al 
lin
ea
r m
od
el 
w
he
re
 in
tu
iti
on
 is
 d
ev
elo
pe
d
Co
m
m
en
ts:
Be
st 
su
ite
d 
to
 n
on
-s
ol
en
oi
da
l f
oc
us
in
g
- S
im
pl
ifi
ed
 L
ar
m
or
 fr
am
e a
na
ly
sis
 fo
r s
ol
en
oi
da
l f
oc
us
in
g 
is 
on
ly
 v
al
id
 
   
fo
r a
xi
sy
m
m
etr
ic 
po
ten
tia
ls 
   
   
   
   
   
   
 w
hi
ch
 m
ay
 n
ot
 h
ol
d 
in
 th
e
   
pr
es
en
ce
 o
f n
on
-id
ea
l p
er
tu
rb
at
io
ns
. 
- A
pp
lie
d 
fie
ld
 p
er
tu
rb
at
io
ns
   
   
   
   
   
   
   
 w
ou
ld
 al
so
 n
ee
d 
to
 b
e p
ro
je
ct
ed
 
   
in
to
 th
e L
ar
m
or
 fr
am
e
A
pp
lie
d 
fie
ld
 p
er
tu
rb
ati
on
s  
   
   
   
   
   
   
  w
ill
 n
ot
 n
ec
es
sa
ril
y 
sa
tis
fy
 th
e 
   
3D
 M
ax
w
ell
 E
qu
at
io
ns
 b
y 
th
em
se
lv
es
  
- F
ol
lo
ws
 b
ec
au
se
 th
e l
in
ea
r f
ie
ld
 co
m
po
ne
nt
s  
   
   
   
 
   
wi
ll 
no
t, 
in
 g
en
er
al,
 sa
tis
fy
 th
e 3
D 
M
ax
w
ell
 eq
ua
tio
ns
 b
y 
th
em
se
lv
es
  
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
2
S5
: L
in
ea
r T
ra
ns
ve
rs
e P
ar
tic
le 
Eq
ua
tio
ns
 o
f M
ot
io
n 
w
ith
ou
t
   
   
 S
pa
ce
-C
ha
rg
e, 
A
cc
el
er
at
io
n,
 an
d 
M
om
en
tu
m
 S
pr
ea
d 
 S
5A
: H
ill
's 
Eq
ua
tio
n
Th
en
 th
e t
ra
ns
ve
rs
e p
ar
tic
le 
eq
ua
tio
ns
 o
f m
ot
io
n 
re
du
ce
 to
 H
ill
's 
Eq
ua
tio
n:
Ne
gl
ec
t:
Sp
ac
e-
ch
ar
ge
 ef
fe
cts
:
N
on
lin
ea
r a
pp
lie
d 
fo
cu
sin
g 
an
d 
be
nd
s:
A
cc
el
er
at
io
n:
M
om
en
tu
m
 sp
re
ad
 ef
fe
ct
s:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
3
Fo
r a
 p
er
io
di
c l
att
ic
e:
Fo
r a
 ri
ng
 (i
.e.
, c
irc
ul
ar
 ac
ce
ler
ato
r),
 o
ne
 al
so
 h
as
 th
e “
su
pe
rp
er
io
d”
 co
nd
iti
on
:
Di
sti
nc
tio
n 
m
att
er
s w
he
n 
th
er
e a
re
 (f
iel
d)
 co
ns
tru
cti
on
 er
ro
rs
 in
 th
e r
in
g
- R
ep
ea
t w
ith
 su
pe
rp
er
io
d 
bu
t n
ot
 la
tti
ce
 p
er
io
d
- S
ee
 le
ctu
re
s o
n:
 P
ar
tic
le
 R
es
on
an
ce
s
///
 E
xa
m
pl
e: 
Ha
rd
-E
dg
e P
er
io
di
c F
oc
us
in
g 
Fu
nc
tio
n
///
ka
pp
a.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
4
*
*
* *
*
*
*
*
**
*
*
*
* 
 M
ag
ne
t w
ith
 sy
ste
m
at
ic
 d
ef
ec
t w
ill
 b
e f
el
t e
ve
ry
 la
tti
ce
 p
er
io
d
X
 M
ag
ne
t w
ith
 ra
nd
om
 (f
ab
ric
at
io
n)
 d
ef
ec
t f
el
t o
nc
e p
er
 la
p
X
///
 E
xa
m
pl
e: 
Pe
rio
d 
an
d 
Su
pe
rp
er
io
d 
di
sti
nc
tio
ns
 fo
r e
rro
rs
 in
 a 
rin
g
///
93
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
5
S5
B:
 T
ra
ns
fe
r M
at
rix
 F
or
m
 o
f t
he
 S
ol
ut
io
n 
to
 H
ill
's 
Eq
ua
tio
n 
 
Hi
ll'
s e
qu
ati
on
 is
 li
ne
ar
.  
 T
he
 so
lu
tio
n 
w
ith
 in
iti
al
 co
nd
iti
on
:
ca
n 
be
 u
ni
qu
ely
 ex
pr
es
se
d 
in
 m
atr
ix
 fo
rm
 (!
 is
 th
e t
ra
ns
fe
r m
at
rix
) a
s:
W
he
re
   
   
   
   
   
 an
d 
   
   
   
   
   
 ar
e “
co
sin
e-
lik
e”
 an
d 
“s
in
e-
lik
e”
 p
rin
cip
al 
tra
jec
to
rie
s s
ati
sf
yi
ng
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
6
Tr
an
sf
er
 m
at
ric
es
 w
ill
 b
e w
or
ke
d 
ou
t i
n 
th
e p
ro
bl
em
s f
or
 a 
fe
w
 si
m
pl
e f
oc
us
in
g 
sy
ste
m
s d
isc
us
se
d 
in
 S
2 
w
ith
 th
e a
dd
iti
on
al
 as
su
m
pt
io
n 
of
 p
ie
ce
wi
se
 co
ns
ta
nt
   
   
  
1)
 D
rif
t: 
 
2)
 C
on
tin
uo
us
 F
oc
us
in
g:
   
3)
 S
ol
en
oi
da
l F
oc
us
in
g:
   
 R
es
ul
ts 
ar
e e
xp
re
ss
ed
 w
ith
in
 th
e r
ot
ati
ng
 L
ar
m
or
 F
ra
m
e
   
 (s
am
e a
s c
on
tin
uo
us
 fo
cu
sin
g 
wi
th
 re
in
te
rp
re
tat
io
n 
of
 v
ar
iab
le
s)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
7
4)
 Q
ua
dr
up
ol
e F
oc
us
in
g-
Pl
an
e:
 
   
  (
O
bt
ai
n 
fro
m
 co
nt
in
uo
us
 fo
cu
sin
g 
ca
se
)
5)
 Q
ua
dr
up
ol
e D
eF
oc
us
in
g-
Pl
an
e: 
   
  (
O
bt
ai
n 
fro
m
 q
ua
dr
up
ol
e f
oc
us
in
g 
ca
se
 w
ith
   
   
   
   
   
   
   
   
   
   
   
   
   
 )
6)
 T
hi
n 
Le
ns
: 
   
  
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
8
An
 im
po
rta
nt
 p
ro
pe
rty
 o
f t
hi
s l
in
ea
r m
ot
io
n 
is 
a W
ro
ns
ki
an
 in
va
ria
nt
/sy
m
m
etr
y:
///
 P
ro
of
:
Ab
br
ev
ia
te 
N
ot
at
io
n
///
M
ul
tip
ly
 E
qu
at
io
ns
 o
f M
ot
io
n 
fo
r /
 an
d 
0
"b
y"
0
"an
d"
/
+"
re
sp
ec
tiv
el
y:
A
dd
 E
qu
at
io
ns
:
0
A
pp
ly
 in
iti
al
 co
nd
iti
on
s:
S5
C:
 W
ro
ns
ki
an
 S
ym
m
etr
y 
of
 H
ill
's 
Eq
ua
tio
n 
94
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
10
9
///
 E
xa
m
pl
e: 
 C
on
tin
uo
us
 F
oc
us
in
g:
 T
ra
ns
fe
r M
atr
ix
 an
d 
W
ro
ns
ki
an
///
Pr
in
ci
pa
l o
rb
it 
eq
ua
tio
ns
 ar
e s
im
pl
e h
ar
m
on
ic
 o
sc
ill
at
or
s w
ith
 so
lu
tio
n:
Tr
an
sf
er
 m
at
rix
 g
iv
es
 th
e f
am
ili
ar
 so
lu
tio
n:
W
ro
ns
ki
an
 in
va
ria
nt
 is
 el
em
en
tar
y:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
0
S5
D:
 S
ta
bi
lit
y 
of
 S
ol
ut
io
ns
 to
 H
ill
's 
Eq
ua
tio
n 
in
 a 
Pe
rio
di
c L
at
tic
e 
Th
e t
ra
ns
fe
r m
at
rix
 m
us
t b
e t
he
 sa
m
e i
n 
an
y 
pe
rio
d 
of
 th
e l
att
ice
:
Fo
r a
 p
ro
pa
ga
tio
n 
di
sta
nc
e  
   
   
   
  s
ati
sf
yi
ng
th
e t
ra
ns
fe
r m
at
rix
 ca
n 
be
 re
so
lv
ed
 as
Re
sid
ua
l
1
 F
ul
l P
er
io
ds
Fo
r a
 la
tti
ce
 to
 h
av
e s
tab
le 
or
bi
ts,
 b
ot
h 
!(
() 
an
d 
!'(
() 
sh
ou
ld
 re
m
ain
 b
ou
nd
ed
 o
n 
pr
op
ag
at
io
n 
th
ro
ug
h 
an
 ar
bi
tra
ry
 n
um
be
r 1
 o
f l
at
tic
e p
er
io
ds
.  
Th
is 
is 
eq
ui
va
len
t 
to
 re
qu
iri
ng
 th
at 
th
e e
lem
en
ts 
of
 !
 re
m
ain
 b
ou
nd
ed
 o
n 
pr
op
ag
ati
on
 th
ro
ug
h 
an
y 
nu
m
be
r o
f l
at
tic
e p
er
io
ds
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
1
Cl
ar
ifi
ca
tio
n 
of
 st
ab
ili
ty
 n
ot
io
n:
  U
ns
ta
bl
e O
rb
it
Fo
r e
ne
rg
et
ic 
pa
rti
cle
:
Th
e m
atr
ix
 cr
ite
rio
n 
co
rre
sp
on
ds
 to
 o
ur
 in
tu
iti
ve
 n
ot
io
n 
of
 st
ab
ili
ty
:  
as
 th
e 
pa
rti
cle
 ad
va
nc
es
 th
er
e a
re
 n
o 
lar
ge
 o
sc
ill
ati
on
 ex
cu
rs
io
ns
 in
 p
os
iti
on
 an
d 
an
gl
e. 
  
or
bi
t_
sta
b.
pn
g
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
2
To
 an
aly
ze
 th
e s
ta
bi
lit
y 
co
nd
iti
on
, e
xa
m
in
e t
he
 ei
ge
nv
ec
to
rs
/ei
ge
nv
alu
es
 o
f !
 fo
r 
tra
ns
po
rt 
th
ro
ug
h 
on
e l
att
ic
e p
er
io
d:
Ei
ge
nv
ec
to
rs
 an
d 
Ei
ge
nv
alu
es
 ar
e g
en
er
all
y 
co
m
pl
ex
Ei
ge
nv
ec
to
rs
 an
d 
Ei
ge
nv
alu
es
 g
en
er
al
ly
 v
ar
y 
w
ith
 
Tw
o 
in
de
pe
nd
en
t E
ig
en
va
lu
es
 an
d 
Ei
ge
nv
ec
to
rs
 
- D
eg
en
er
ac
ies
 sp
ec
ial
 ca
se
De
riv
e t
he
 tw
o 
in
de
pe
nd
en
t e
ig
en
ve
ct
or
s/e
ig
en
va
lu
es
 th
ro
ug
h 
an
al
ys
is 
of
 th
e 
ch
ar
ac
ter
ist
ic
 eq
ua
tio
n:
A
bb
re
vi
ate
 N
ot
ati
on
No
nt
riv
ial
 so
lu
tio
ns
 ex
ist
 w
he
n:
95
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
3
Bu
t w
e c
an
 ap
pl
y 
th
e W
ro
ns
ki
an
 co
nd
iti
on
:
an
d 
we
 m
ak
e t
he
 n
ot
at
io
na
l d
ef
in
iti
on
Th
e c
ha
ra
cte
ris
tic
 eq
ua
tio
n 
th
en
 re
du
ce
s t
o:
 T
he
 u
se
 o
f  
   
   
   
   
   
 to
 d
en
ot
e T
r M
 is
 in
 an
tic
ip
ati
on
 o
f l
ate
r r
es
ul
ts 
 
   
 (s
ee
 S
6)
 w
he
re
   
   
  i
s i
de
nt
ifi
ed
 as
 th
e p
ha
se
-a
dv
an
ce
 o
f a
 st
ab
le 
or
bi
t
Th
er
e a
re
 tw
o 
so
lu
tio
ns
 to
 th
e c
ha
ra
ct
er
ist
ic
 eq
ua
tio
n 
th
at
 w
e d
en
ot
e 
No
te
 th
at
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
4
Co
ns
id
er
 a 
ve
cto
r o
f i
ni
tia
l c
on
di
tio
ns
:
Th
e e
ig
en
ve
ct
or
s  
   
   
   
sp
an
 tw
o-
di
m
en
sio
na
l s
pa
ce
.  
 S
o 
an
y 
in
iti
al
 co
nd
iti
on
 
ve
ct
or
 ca
n 
be
 ex
pa
nd
ed
 as
:
Th
en
 u
sin
g 
Th
er
ef
or
e, 
if 
   
   
   
   
   
   
is 
bo
un
de
d,
  t
he
n 
th
e m
ot
io
n 
is 
sta
bl
e. 
 T
hi
s w
ill
 al
wa
ys
 
be
 th
e c
as
e i
f  
   
   
   
   
   
  ,
 co
rre
sp
on
di
ng
 to
   
   
 re
al 
wi
th
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
5
Th
is 
im
pl
ie
s f
or
 st
ab
ili
ty
 o
r t
he
 o
rb
it 
th
at 
we
 m
us
t h
av
e:
In
 a 
pe
rio
di
c f
oc
us
in
g 
la
tti
ce
, t
hi
s i
m
po
rta
nt
 st
ab
ili
ty
 co
nd
iti
on
 p
la
ce
s r
es
tri
cti
on
s 
on
 th
e l
att
ice
 st
ru
ctu
re
 (f
oc
us
in
g 
str
en
gt
h)
 th
at
 ar
e g
en
er
all
y 
in
ter
pr
et
ed
 in
 te
rm
s 
of
 p
ha
se
 ad
va
nc
e l
im
its
 (s
ee
: S
6)
.
Ac
ce
ler
ato
r l
at
tic
es
 al
m
os
t a
lw
ay
s t
un
ed
 fo
r s
in
gl
e p
ar
tic
le
 st
ab
ili
ty
 to
 
m
ain
tai
n 
be
am
 co
nt
ro
l
- E
ve
n 
fo
r i
nt
en
se
 b
ea
m
s, 
be
am
 ce
nt
ro
id
 ap
pr
ox
im
at
ely
 o
be
ys
 si
ng
le 
   
pa
rti
cl
e e
qu
ati
on
s o
f m
ot
io
n 
wh
en
 im
ag
e c
ha
rg
es
 ar
e n
eg
lig
ib
le
Sp
ac
e-
ch
ar
ge
 an
d 
no
nl
in
ea
r a
pp
lie
d 
fie
ld
s c
an
 fu
rth
er
 li
m
it 
pa
rti
cl
e s
ta
bi
lit
y
- R
es
on
an
ce
s: 
 se
e: 
Pa
rti
cle
 R
es
on
an
ce
s .
...
- E
nv
el
op
e I
ns
tab
ili
ty
: s
ee
: T
ra
ns
ve
rs
e C
en
tro
id
 an
d 
En
ve
lo
pe
 ..
..
- H
ig
he
r O
rd
er
 In
sta
bi
lit
y:
  s
ee
: T
ra
ns
ve
rs
e K
in
eti
c S
ta
bi
lit
y
W
e w
ill
 sh
ow
 (s
ee
: S
6)
 th
at
 fo
r s
tab
le
 o
rb
its
   
   
   
ca
n 
be
 in
te
rp
re
te
d 
as
 th
e 
ph
as
e-
ad
va
nc
e o
f s
in
gl
e p
ar
tic
le 
os
cil
lat
io
ns
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
6
///
 E
xa
m
pl
e: 
 C
on
tin
uo
us
 F
oc
us
in
g 
St
ab
ili
ty
///
Pr
in
ci
pa
l o
rb
it 
eq
ua
tio
ns
 ar
e s
im
pl
e h
ar
m
on
ic
 o
sc
ill
at
or
s w
ith
 so
lu
tio
n:
St
ab
ili
ty
 b
ou
nd
 th
en
 g
iv
es
:
A
lw
ay
s s
at
isf
ie
d 
fo
r  
re
al 
  
Co
nf
irm
s k
no
w
n 
re
su
lt 
us
in
g 
fo
rm
ali
sm
: c
on
tin
uo
us
 fo
cu
sin
g 
sta
bl
e
- E
ne
rg
y 
no
t p
um
pe
d 
in
to
 o
r o
ut
 o
f p
ar
tic
le
 o
rb
it 
Th
e s
im
pl
es
t e
xa
m
pl
e o
f t
he
 st
ab
ili
ty
 cr
ite
rio
n 
ap
pl
ie
d 
to
 p
er
io
di
c l
att
ic
es
 w
ill
 b
e 
gi
ve
n 
in
 th
e p
ro
bl
em
 se
ts:
   
St
ab
ili
ty
 o
f a
 p
er
io
di
c t
hi
n 
len
s l
att
ice
 
An
al
yt
ic
all
y 
fin
d 
th
at 
lat
tic
e u
ns
ta
bl
e w
he
n 
fo
cu
sin
g 
ki
ck
s s
uf
fic
ien
tly
 st
ro
ng
96
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
7
M
or
e a
dv
an
ce
d 
tre
at
m
en
ts
 S
ee
: D
ra
gt
, L
ec
tu
re
s o
n 
No
nl
in
ea
r O
rb
it 
Dy
na
mi
cs
, A
IP
 C
on
f P
ro
c 8
7 
(1
98
2)
sh
ow
 th
at 
sy
m
pl
ec
tic
 2
x2
 tr
an
sf
er
 m
at
ric
es
 as
so
ci
ate
d 
wi
th
 H
ill
's 
Eq
ua
tio
n 
ha
ve
 
on
ly
 tw
o 
po
ss
ib
le
 cl
as
se
s o
f e
ig
en
va
lu
e s
ym
m
etr
ies
:
1)
 S
ta
bl
e
2)
 U
ns
tab
le,
 L
att
ice
 R
es
on
an
ce
O
cc
ur
s f
or
:
Oc
cu
rs
 in
 b
an
ds
 w
he
n 
fo
cu
sin
g 
str
en
gt
h 
is 
in
cr
ea
se
d 
be
yo
nd
Li
m
ite
d 
cla
ss
 o
f p
os
sib
ili
tie
s s
im
pl
ifi
es
 an
aly
sis
 o
f f
oc
us
in
g 
la
tti
ce
s 
eig
en
_s
ym
_s
.p
ng
eig
en
_s
ym
_u
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
8
S6
: H
ill
's 
Eq
ua
tio
n:
 F
lo
qu
et
's 
Th
eo
re
m
 an
d 
th
e 
 P
ha
se
-A
m
pl
itu
de
 F
or
m
 o
f t
he
 P
ar
tic
le 
O
rb
it
S6
A:
 In
tro
du
cti
on
 
In
 th
is 
se
ct
io
n 
we
 co
ns
id
er
 H
ill
's 
Eq
ua
tio
n:
su
bj
ec
t t
o 
a p
er
io
di
c a
pp
lie
d 
fo
cu
sin
g 
fu
nc
tio
n
M
an
y 
re
su
lts
 w
ill
 al
so
 h
ol
d 
in
 m
or
e c
om
pl
ic
ate
d 
fo
rm
 fo
r a
 n
on
-p
er
io
di
c 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
11
9
Fl
oq
ue
t's
 T
he
or
em
 (p
ro
of
: s
ee
 st
an
da
rd
 M
at
he
m
at
ics
 an
d 
M
ath
em
at
ic
al 
Ph
ys
ics
 T
ex
ts)
Th
e s
ol
ut
io
n 
to
 H
ill
's 
Eq
ua
tio
n 
!(
() 
ha
s t
wo
 li
ne
ar
ly
 in
de
pe
nd
en
t s
ol
ut
io
ns
 th
at
 
ca
n 
be
 ex
pr
es
se
d 
as
:
W
he
re
 2
((
) i
s a
 p
er
io
di
c f
un
ct
io
n:
Th
eo
re
m
 as
 w
rit
te
n 
on
ly
 ap
pl
ies
 fo
r !
 w
ith
 n
on
-d
eg
en
er
at
e e
ig
en
va
lu
es
.  
Bu
t 
a s
im
ila
r t
he
or
em
 ap
pl
ies
 in
 th
e d
eg
en
er
ate
 ca
se
. 
A
 si
m
ila
r t
he
or
em
 is
 al
so
 v
ali
d 
fo
r n
on
-p
er
io
di
c 
S6
B:
 F
lo
qu
et
's 
Th
eo
re
m
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
0
S6
C:
 P
ha
se
-A
m
pl
itu
de
 F
or
m
 o
f P
ar
tic
le
 O
rb
it
As
 a 
co
ns
eq
ue
nc
e o
f F
lo
qu
et'
s T
he
or
em
, a
ny
 (s
ta
bl
e o
r u
ns
ta
bl
e)
 n
on
de
ge
ne
ra
te
 
so
lu
tio
n 
to
 H
ill
's 
Eq
ua
tio
n 
ca
n 
be
 ex
pr
es
se
d 
in
 p
ha
se
-a
m
pl
itu
de
 fo
rm
 as
:
   
   
   
 B
y 
f
th
en
 su
bs
tit
ut
e i
n 
Hi
ll'
s E
qu
ati
on
:  
De
riv
e e
qu
ati
on
s o
f m
ot
io
n 
fo
r  
   
   
   
 b
y 
ta
ki
ng
 d
er
iv
ati
ve
s o
f t
he
 
ph
as
e-
am
pl
itu
de
 fo
rm
 fo
r !
(s)
: 
97
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
1
W
e a
re
 fr
ee
 to
 in
tro
du
ce
 an
 ad
di
tio
na
l c
on
str
ai
nt
 b
etw
ee
n 
3
"an
d 
   
  :
 
Tw
o 
fu
nc
tio
ns
 A
,  
   
  t
o 
re
pr
es
en
t o
ne
 fu
nc
tio
n 
x 
all
ow
s a
 co
ns
tra
in
t
Ch
oo
se
:
Th
en
 to
 sa
tis
fy
 H
ill
's 
Eq
ua
tio
n 
fo
r a
ll 
   
   
th
e, 
co
ef
fic
ien
t o
f  
   
   
   
 m
us
t a
lso
 
va
ni
sh
 g
iv
in
g:
 
Eq
. (
1)
Eq
. (
2)
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
2
Eq
. (
1)
 A
na
ly
sis
  (
co
ef
fic
ien
t o
f  
   
   
   
   
):
In
te
gr
ate
 o
nc
e:
On
e c
om
m
on
ly
 re
sc
al
es
 th
e a
m
pl
itu
de
 3
(()
 in
 te
rm
s o
f a
n 
au
xi
lia
ry
 am
pl
itu
de
 
fu
nc
tio
ns
 2
"(
#$
su
ch
 th
at
Th
is 
eq
ua
tio
n 
ca
n 
th
en
 b
e i
nt
eg
ra
te
d 
to
 o
bt
ai
n 
th
e p
ha
se
-fu
nc
tio
n 
of
 th
e p
ar
tic
le:
Si
m
pl
ify
:
W
ill
 sh
ow
 la
ter
th
at 
th
is 
as
su
m
pt
io
n 
m
et
 fo
r a
ll 
(
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
3
W
ith
 th
e c
ho
ic
e o
f a
m
pl
itu
de
 re
sc
al
in
g,
   
   
   
   
   
   
  a
nd
 E
q.
 (2
) b
ec
om
es
: 
Fl
oq
ue
t's
 th
eo
re
m
 te
lls
 u
s t
ha
t w
e a
re
 fr
ee
 to
 re
str
ict
 2
 to
 b
e a
 p
er
io
di
c s
ol
ut
io
n:
Us
in
g 
   
   
   
   
   
   
 an
d 
   
   
   
   
   
   
:
Eq
. (
2)
 A
na
ly
sis
  (
co
ef
fic
ien
t o
f  
   
   
   
   
):
Re
du
ce
d 
Ex
pr
es
sio
ns
 fo
r !
 an
d 
!':
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
4
w
he
re
 2
"(
# a
nd
   
   
   
  a
re
 am
pl
itu
de
- a
nd
 p
ha
se
-fu
nc
tio
ns
 sa
tis
fy
in
g:
In
iti
al 
(  
   
   
   
   
) a
m
pl
itu
de
s a
re
 co
ns
tra
in
ed
 b
y 
th
e p
ar
tic
le 
in
iti
al
 co
nd
iti
on
s a
s:
or
Am
pl
itu
de
 E
qu
at
io
ns
Ph
as
e E
qu
at
io
ns
S6
D:
 S
um
m
ar
y:
 P
ha
se
-A
m
pl
itu
de
 F
or
m
 o
f S
ol
ut
io
n 
to
 H
ill
's 
Eq
n
98
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
5
S6
E:
 P
oi
nt
s o
n 
th
e P
ha
se
-A
m
pl
itu
de
 F
or
m
ul
at
io
n
1)
  2
"(
#%
ca
n 
be
 ta
ke
n 
as
 p
os
iti
ve
 d
ef
in
ite
///
 P
ro
of
: S
ig
n 
ch
oi
ce
s i
n 
2
:
///
Le
t 2
((
) b
e p
os
iti
ve
 at
 so
m
e p
oi
nt
.  
Th
en
 th
e e
qu
ati
on
:
In
su
re
s t
ha
t w
 ca
n 
ne
ve
r v
an
ish
 o
r c
ha
ng
e s
ig
n.
  T
hi
s f
ol
lo
ws
 b
ec
au
se
 w
he
ne
ve
r"2
 
be
co
m
es
 sm
all
,  
   
   
   
   
   
   
   
   
   
   
  c
an
 b
ec
om
e a
rb
itr
ar
ily
 la
rg
e t
o 
tu
rn
 2
 b
ef
or
e 
it 
re
ac
he
s z
er
o.
  T
hu
s, 
to
 fi
x 
ph
as
es
, w
e c
on
ve
ni
en
tly
 re
qu
ire
 th
at
 2
 >
 0
.  
Pr
oo
f v
er
ifi
es
 as
su
m
pt
io
n 
m
ad
e i
n 
an
aly
sis
 th
at 
Co
nv
er
se
ly
, o
ne
 co
ul
d 
ch
oo
se
 w
 n
eg
ati
ve
 an
d 
it 
w
ou
ld
 al
wa
ys
 re
m
ain
 
ne
ga
tiv
e f
or
 an
al
og
ou
s r
ea
so
ns
.  
 T
hi
s c
ho
ic
e i
s n
ot
 co
m
m
on
ly
 m
ad
e.
 S
ig
n 
ch
oi
ce
 re
m
ov
es
 am
bi
gu
ity
 in
 re
lat
in
g 
in
iti
al 
co
nd
iti
on
s 
   
to
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
6
2)
  2
"(
#%
is 
a u
ni
qu
e p
er
io
di
c f
un
ct
io
n
Ca
n 
be
 p
ro
ve
d 
us
in
g 
a c
on
ne
cti
on
 b
etw
ee
n 
w 
an
d 
th
e p
rin
ci
pa
l o
rb
it 
fu
nc
tio
ns
 
%%
%/
%an
d%
0
%(s
ee
: A
pp
en
di
x 
C 
an
d 
S7
)
2
"(
#%
ca
n 
be
 re
ga
rd
ed
 as
 a 
sp
ec
ial
, p
er
io
di
c f
un
cti
on
 d
es
cr
ib
in
g 
th
e l
att
ic
e
3)
 T
he
 am
pl
itu
de
 p
ar
am
ete
rs
 
de
pe
nd
 o
nl
y o
n 
th
e p
er
io
di
c l
att
ice
 p
ro
pe
rti
es
 an
d 
ar
e i
nd
ep
en
de
nt
 o
f t
he
 p
ar
tic
le 
in
iti
al
 co
nd
iti
on
s
4)
 T
he
 p
ha
se
-a
dv
an
ce
de
pe
nd
s o
n 
th
e c
ho
ic
e o
f i
ni
tia
l c
on
di
tio
n 
   
   
.  
  H
ow
ev
er
, t
he
 p
ha
se
-a
dv
an
ce
 
th
ro
ug
h 
on
e l
at
tic
e p
er
io
d 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
7
W
ill
 b
e i
nd
ep
en
de
nt
 o
f  
   
   
sin
ce
 w
 is
 a 
pe
rio
di
c f
un
cti
on
 w
ith
 p
er
io
d 
W
ill
 sh
ow
 th
at
 (s
ee
 la
te
r i
n 
th
is 
se
cti
on
)
""
"is
 th
e u
nd
ep
re
ss
ed
 p
ha
se
 ad
va
nc
e o
f p
ar
tic
le 
os
cil
la
tio
ns
5)
 2
"(
# h
as
 d
im
en
sio
ns
 [[
2
]] 
= 
Sq
rt[
m
ete
rs
]
Ca
n 
pr
ov
e i
nc
on
ve
ni
en
t i
n 
ap
pl
ica
tio
ns
 an
d 
m
ot
iv
ate
s t
he
 u
se
 o
f a
n 
al
ter
na
tiv
e 
“b
et
atr
on
” f
un
cti
on
 
   
w
ith
 d
im
en
sio
n 
[[ 
   
]] 
= 
m
ete
rs
 (s
ee
: S
7 
an
d 
S8
)
6)
 O
n 
th
e s
ur
fa
ce
, w
ha
t w
e h
av
e d
on
e: 
Tr
an
sf
or
m
 th
e l
in
ea
r H
ill
's 
Eq
ua
tio
n 
to
 a 
fo
rm
 w
he
re
 a 
so
lu
tio
n 
to
 n
on
lin
ea
r a
xi
lla
ry
 eq
ua
tio
ns
 fo
r w
 an
d 
   
  a
re
 n
ee
de
d 
vi
a 
th
e p
ha
se
-a
m
pl
itu
de
 m
eth
od
 se
em
s i
ns
an
e .
...
.  
wh
y 
do
 it
?
M
eth
od
 w
ill
 h
el
p 
id
en
tif
y 
th
e u
se
fu
l C
ou
ra
nt
-S
ny
de
r i
nv
ar
ian
t w
hi
ch
 w
ill
 ai
d 
in
ter
pr
et
ati
on
 o
f t
he
 d
yn
am
ics
 (s
ee
: S
7)
De
co
up
lin
g 
of
 in
iti
al 
co
nd
iti
on
s i
n 
th
e p
ha
se
-a
m
pl
itu
de
 m
et
ho
d 
wi
ll 
he
lp
 
sim
pl
ify
 u
nd
er
sta
nd
in
g 
of
 b
un
dl
es
 o
f p
ar
tic
le
s i
n 
th
e d
ist
rib
ut
io
n
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
8
S6
F:
 R
el
ati
on
 b
et
we
en
 P
rin
ci
pa
l O
rb
it 
Fu
nc
tio
ns
 an
d 
   
   
   
Ph
as
e-
Am
pl
itu
de
 F
or
m
 O
rb
it 
Fu
nc
tio
ns
Th
e t
ra
ns
fe
r m
at
rix
 M
 o
f t
he
 p
ar
tic
le
 o
rb
it 
ca
n 
be
 ex
pr
es
se
d 
in
 te
rm
s o
f t
he
 
pr
in
cip
al
 o
rb
it 
fu
nc
tio
ns
 /
 an
d 
0
 as
 (s
ee
: S
4)
:
Us
e o
f t
he
 p
ha
se
-a
m
pl
itu
de
 fo
rm
s a
nd
 so
m
e a
lg
eb
ra
 id
en
tif
ies
 (s
ee
 p
ro
bl
em
 se
ts)
:
99
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
12
9
///
 A
sid
e: 
Al
ter
na
tiv
ely
, i
t c
an
 b
e s
ho
wn
 (s
ee
: A
pp
en
di
x 
C)
 th
at 
2
"(
# c
an
 b
e r
el
ate
d 
to
 th
e p
rin
ci
pa
l o
rb
it 
fu
nc
tio
ns
 ca
lcu
lat
ed
 o
ve
r o
ne
 L
att
ic
e p
er
io
d 
by
:
Th
e f
or
m
ul
a f
or
  "
""
" i
n 
te
rm
s o
f p
rin
cip
al
 o
rb
it 
fu
nc
tio
ns
 is
 u
se
fu
l:
   
   
(p
ha
se
 ad
va
nc
e, 
se
e: 
S6
G
) i
s o
fte
n 
sp
ec
ifi
ed
 fo
r t
he
 la
tti
ce
 an
d 
th
e 
fo
cu
sin
g 
fu
nc
tio
n 
   
   
   
 is
 tu
ne
d 
to
 ac
hi
ev
e t
he
 sp
ec
ifi
ed
 v
al
ue
Sh
ow
s t
ha
t 2
"(
# c
an
 b
e c
on
str
uc
te
d 
fro
m
 tw
o 
pr
in
cip
al 
or
bi
t i
nt
eg
ra
tio
ns
 o
ve
r 
on
e l
at
tic
e p
er
io
d
- I
nt
eg
ra
tio
ns
 m
us
t g
en
er
all
y 
be
 d
on
e n
um
er
ic
all
y 
fo
r /
 an
d 
0
*"
No
 ro
ot
 fi
nd
in
g 
re
qu
ire
d 
fo
r i
ni
tia
l c
on
di
tio
ns
 to
 co
ns
tru
ct 
pe
rio
di
c 2
"(
#
!%
%%
%%
%%
ca
n 
be
 an
yw
he
re
 in
 th
e l
att
ic
e p
er
io
d 
an
d 
2
"(
#%
w
ill
 b
e i
nd
ep
en
de
nt
   
   
   
   
of
 th
e s
pe
cif
ic
 ch
oi
ce
 o
f  
   
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
0
Th
e f
or
m
 o
f  
   
   
   
   
su
gg
es
ts 
an
 u
nd
er
ly
in
g 
Co
ur
an
t-S
ny
de
r I
nv
ar
ian
t 
  (
se
e: 
S7
 an
d 
A
pp
en
di
x 
C)
   
   
   
   
   
ca
n 
be
 ap
pl
ie
d 
to
 ca
lc
ul
at
e m
ax
 b
ea
m
 p
ar
tic
le
 ex
cu
rs
io
ns
 in
 th
e 
ab
se
nc
e o
f s
pa
ce
-c
ha
rg
e e
ffe
ct
s (
se
e: 
S8
)
- U
se
fu
l i
n 
m
ac
hi
ne
 d
es
ig
n 
*"
Ex
pl
oi
ts 
Co
ur
an
t-S
ny
de
r I
nv
ar
ian
t
///
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
1
S6
G:
 U
nd
ep
re
ss
ed
 P
ar
tic
le 
Ph
as
e A
dv
an
ce
W
e c
an
 n
ow
 co
nc
re
te
ly
 co
nn
ec
t  
   
   
fo
r a
 st
ab
le 
ob
it 
to
 th
e a
dv
an
ce
 in
 p
ar
tic
le 
os
ci
lla
tio
n 
ph
as
e  
   
   
  t
hr
ou
gh
 o
ne
 la
tti
ce
 p
er
io
d:
   
Fr
om
 S
5D
:
Ap
pl
y 
th
e p
rin
ci
pa
l o
rb
it 
re
pr
es
en
tat
io
n 
of
 M
an
d 
us
e t
he
 p
ha
se
-a
m
pl
itu
de
 id
en
tif
ic
ati
on
s o
f /
 an
d 
0
' c
alc
ul
at
ed
 in
 S
6F
:
By
 p
er
io
di
ci
ty
:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
2
Ap
pl
yi
ng
 th
es
e r
es
ul
ts 
gi
ve
s:
Th
us
,  
   
   
is 
id
en
tif
ie
d 
as
 th
e p
ha
se
 ad
va
nc
e o
f a
 st
ab
le 
pa
rti
cl
e o
rb
it 
th
ro
ug
h 
on
e 
lat
tic
e p
er
io
d:
Ag
ai
n 
ve
rif
ies
 th
at
   
   
  i
s i
nd
ep
en
de
nt
 o
f  
   
  s
in
ce
 w
(s
) i
s p
er
io
di
c w
ith
 
pe
rio
d 
   
 
Th
e s
tab
ili
ty
 cr
ite
rio
n 
(s
ee
: S
5)
   
is 
co
nc
re
tel
y 
co
nn
ec
ted
 to
 th
e p
ar
tic
le 
ph
as
e a
dv
an
ce
 th
ro
ug
h 
on
e l
att
ice
 
pe
rio
d 
pr
ov
id
in
g 
a u
se
fu
l p
hy
sic
al
 in
ter
pr
et
at
io
n
100
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
3
Di
sc
us
sio
n:
Th
e p
ha
se
 ad
va
nc
e  
   
  i
s a
n 
ex
tre
m
el
y 
us
ef
ul
 d
im
en
sio
nl
es
s m
ea
su
re
 to
 
ch
ar
ac
ter
ize
 th
e f
oc
us
in
g 
str
en
gt
h 
of
 a 
pe
rio
di
c l
at
tic
e. 
 M
uc
h 
of
 co
nv
en
tio
na
l 
ac
ce
ler
ato
r p
hy
sic
s c
en
te
rs
 o
n 
fo
cu
sin
g 
str
en
gt
h 
an
d 
th
e s
up
pr
es
sio
n 
of
 re
so
na
nc
e 
ef
fe
cts
.  
 T
he
 p
ha
se
 ad
va
nc
e i
s a
 n
atu
ra
l p
ar
am
et
er
 to
 em
pl
oy
 in
 m
an
y 
sit
ua
tio
ns
 to
 
all
ow
 re
ad
y 
in
te
rp
re
ta
tio
n 
of
 re
su
lts
 in
 a 
ge
ne
ra
liz
ab
le
 m
an
ne
r. 
W
e p
re
se
nt
 p
ha
se
 ad
va
nc
e f
or
m
ul
as
 fo
r  
   
  f
or
 se
ve
ra
l s
im
pl
e c
la
ss
es
 o
f l
att
ic
es
 to
 
he
lp
 b
ui
ld
 in
tu
iti
on
 o
n 
fo
cu
sin
g 
str
en
gt
h:
1)
 C
on
tin
uo
us
 F
oc
us
in
g 
2)
 P
er
io
di
c S
ol
en
oi
da
l F
oc
us
in
g
3)
 P
er
io
di
c Q
ua
dr
up
ol
e D
ou
bl
et
 F
oc
us
in
g 
- F
OD
O
 Q
ua
dr
up
ol
e L
im
it 
 L
at
tic
es
 an
al
yz
ed
 as
 “h
ar
d-
ed
ge
” w
ith
 p
ie
ce
wi
se
-c
on
sta
nt
   
an
d 
la
tti
ce
 p
er
io
d 
  
 R
es
ul
ts 
ar
e s
um
m
ar
ize
d 
on
ly
 w
ith
 d
er
iv
ati
on
s g
ui
de
d 
in
 th
e p
ro
bl
em
 se
ts.
4)
 T
hi
n 
Le
ns
 L
im
its
- U
se
fu
l f
or
 an
al
ys
is 
of
 sc
ali
ng
 p
ro
pe
rti
es
Se
ve
ra
l o
f t
he
se
 
w
ill
 b
e d
er
iv
ed
 
in
 th
e p
ro
bl
em
 se
ts
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
4
1)
 C
on
tin
uo
us
 F
oc
us
in
g
“L
att
ic
e p
er
io
d”
   
   
   
is 
an
 ar
bi
tra
ry
 le
ng
th
 fo
r p
ha
se
 ac
cu
m
ul
at
io
n
Pa
ra
m
ete
rs
:
Ca
lc
ul
ati
on
 g
iv
es
:
Al
w
ay
s s
tab
le
- E
ne
rg
y 
ca
nn
ot
 p
um
p 
in
to
 o
r o
ut
 o
f p
ar
tic
le
 o
rb
it
la
t_
co
nt
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
5
Re
sc
al
ed
 P
rin
ci
pa
l O
rb
it 
Ev
ol
ut
io
n:
1:
2:
ps
_c
on
t.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
6
Ph
as
e-
Sp
ac
e E
vo
lu
tio
n 
(s
ee
 al
so
 S
7)
:
 P
ha
se
-sp
ac
e e
lli
ps
e s
ta
tio
na
ry
 an
d 
ali
gn
ed
 al
on
g 
!&
%!
' a
xe
s
   
fo
r c
on
tin
uo
us
 fo
cu
sin
g
ps
_e
lli
ps
e_
co
nt
.p
ng
101
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
7
2)
 P
er
io
di
c S
ol
en
oi
da
l F
oc
us
in
g
Re
su
lts
 ar
e i
nt
er
pr
ete
d 
in
 th
e r
ot
ati
ng
 L
ar
m
or
 fr
am
e (
se
e S
2 
an
d 
A
pp
en
di
x 
A)
Pa
ra
m
ete
rs
:
Ch
ar
ac
ter
ist
ics
:
Ca
lc
ul
ati
on
 g
iv
es
:
Ca
n 
be
 u
ns
ta
bl
e w
he
n 
   
   
 b
ec
om
es
 la
rg
e
- E
ne
rg
y 
ca
n 
pu
m
p 
in
to
 o
r o
ut
 o
f p
ar
tic
le 
or
bi
t
lat
_s
ol
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
8
Re
sc
al
ed
 L
ar
m
or
-F
ra
m
e P
rin
ci
pa
l O
rb
it 
Ev
ol
ut
io
n:
1:
2:
ps
_s
ol
.p
ng
Pr
in
cip
al
 o
rb
its
 in
   
   
   
   
   
ph
as
e-
sp
ac
e a
re
 id
en
tic
al 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
13
9
Ph
as
e-
Sp
ac
e E
vo
lu
tio
n 
in
 th
e L
ar
m
or
 fr
am
e (
se
e a
lso
: S
7)
:
 P
ha
se
-S
pa
ce
 el
lip
se
 ro
ta
te
s a
nd
 ev
ol
ve
s i
n 
pe
rio
di
c l
at
tic
e
   
   
   
   
  p
ha
se
-s
pa
ce
 p
ro
pe
rti
es
 sa
m
e a
s i
n
-  
Ph
as
e-
sp
ac
e s
tru
ctu
re
 in
 !!
!'
&%
&!
&'
 p
ha
se
 sp
ac
e i
s c
om
pl
ic
at
ed
 
ps
_s
ol
_c
s.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
0
Co
m
m
en
ts 
on
 p
er
io
di
c s
ol
en
oi
d 
re
su
lts
:
 L
ar
m
or
 fr
am
e a
na
ly
sis
 g
re
atl
y 
sim
pl
ifi
es
 re
su
lts
 
- 4
D 
co
up
led
 o
rb
it 
in
 !*
!)
+"
&*
&)
 p
ha
se
-s
pa
ce
 w
ill
 b
e m
uc
h 
m
or
e 
   
in
tri
ca
te 
in
 st
ru
ct
ur
e
 P
ha
se
-S
pa
ce
 el
lip
se
 ro
tat
es
 an
d 
ev
ol
ve
s i
n 
pe
rio
di
c l
att
ice
 P
er
io
di
c s
tru
ctu
re
 o
f l
att
ic
e c
ha
ng
es
 o
rb
its
 fr
om
 si
m
pl
e h
ar
m
on
ic
102
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
1
3)
 P
er
io
di
c Q
ua
dr
up
ol
e D
ou
bl
et 
Fo
cu
sin
g
Pa
ra
m
et
er
s:
Ch
ar
ac
ter
ist
ics
:
Ca
lc
ul
ati
on
 g
iv
es
:
Ca
n 
be
 u
ns
ta
bl
e w
he
n 
   
   
be
co
m
es
 la
rg
e
- E
ne
rg
y 
ca
n 
pu
m
p 
in
to
 o
r o
ut
 o
f p
ar
tic
le 
or
bi
t
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
2
Co
m
m
en
ts 
on
 P
ar
am
et
er
s:
Th
e “
sy
nc
op
ati
on
” p
ar
am
ete
r  
   
   
m
ea
su
re
s h
ow
 cl
os
e t
he
 F
oc
us
in
g 
(F
) a
nd
 
De
Fo
cu
sin
g 
(D
) q
ua
dr
up
ol
es
 ar
e t
o 
ea
ch
 o
th
er
 in
 th
e l
att
ic
e
Th
e r
an
ge
   
   
   
   
   
   
   
   
ca
n 
be
 m
ap
pe
d 
to
   
   
   
   
by
 si
m
pl
y 
re
lab
eli
ng
 q
ua
nt
iti
es
.  
 T
he
re
fo
re
, w
e c
an
 ta
ke
:
Th
e s
pe
ci
al 
ca
se
 o
f a
 d
ou
bl
et
 la
tti
ce
 w
ith
   
   
   
   
   
   
co
rre
sp
on
ds
 to
 eq
ua
l d
rif
t 
len
gt
hs
 b
et
we
en
 th
e F
 an
d 
D 
qu
ad
ru
po
le
s a
nd
 is
 ca
lle
d 
a F
OD
O 
la
tti
ce
 
Ph
as
e a
dv
an
ce
 co
ns
tra
in
t w
ill
 b
e d
er
iv
ed
 fo
r F
OD
O 
ca
se
 in
 
pr
ob
lem
s (
alg
eb
ra
 m
uc
h 
sim
pl
er
 th
an
 d
ou
bl
et 
ca
se
) 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
3
Sp
ec
ia
l C
as
e D
ou
bl
et 
Fo
cu
sin
g:
 P
er
io
di
c Q
ua
dr
up
ol
e F
O
DO
 L
att
ic
e
Pa
ra
m
ete
rs
:
Ch
ar
ac
te
ris
tic
s:
Ph
as
e a
dv
an
ce
 fo
rm
ul
a r
ed
uc
es
 to
:
lat
_q
ua
d_
fo
do
.p
ng
An
al
ys
is 
sh
ow
s F
O
DO
 p
ro
vi
de
s s
tro
ng
er
 fo
cu
s f
or
 sa
m
e i
nt
eg
ra
ted
 fi
el
d 
gr
ad
ien
ts 
th
an
 d
ou
bl
et 
du
e t
o 
sy
m
m
etr
y
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
4
Re
sc
al
ed
 P
rin
ci
pa
l O
rb
it 
Ev
ol
ut
io
n:
1:
2:
ps
_q
ua
d.
pn
g
103
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
5
Ph
as
e-
Sp
ac
e E
vo
lu
tio
n 
(s
ee
 al
so
: S
7)
:
ps
_q
ua
d_
cs
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
6
Co
m
m
en
ts 
on
 p
er
io
di
c F
OD
O 
qu
ad
ru
po
le 
re
su
lts
:
 P
ha
se
-S
pa
ce
 el
lip
se
 ro
tat
es
 an
d 
ev
ol
ve
s i
n 
pe
rio
di
c l
att
ice
- E
vo
lu
tio
n 
m
or
e i
nt
ric
ate
 fo
r A
lte
rn
at
in
g 
Gr
ad
ien
t (
AG
) f
oc
us
in
g 
   
   
   
th
an
 fo
r s
ol
en
oi
da
l f
oc
us
in
g 
in
 th
e L
ar
m
or
 fr
am
e
 H
ar
m
on
ic 
co
nt
en
t o
f o
rb
its
 la
rg
er
 fo
r A
G 
fo
cu
sin
g 
th
an
 
   
so
len
od
ia
l f
oc
us
in
g
 O
rb
it 
an
d 
ph
as
e s
pa
ce
 ev
ol
ut
io
n 
an
alo
go
us
 in
 &!
&'
 p
la
ne
- S
im
pl
y 
re
la
ted
 b
y 
an
 sh
ift
 in
 ( 
of
 th
e l
at
tic
e
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
7
Co
nt
ra
st 
of
 P
rin
ci
pa
l O
rb
its
 fo
r d
iff
er
en
t f
oc
us
in
g:
 U
se
 p
re
vi
ou
s e
xa
m
pl
es
 w
ith
 “e
qu
iv
al
en
t”
 fo
cu
sin
g 
str
en
gt
h
 N
ot
e t
ha
t p
er
io
di
c f
oc
us
in
g 
ad
ds
 h
ar
m
on
ic 
str
uc
tu
re
  
1)
 C
on
tin
uo
us
 F
oc
us
in
g
2)
 P
er
io
di
c S
ol
en
oi
da
l F
oc
us
in
g 
 (L
ar
m
or
 F
ra
m
e)
3)
 P
er
io
di
c F
OD
O
 Q
ua
dr
up
ol
e D
ou
bl
et
 F
oc
us
in
g
ps
_c
on
t_
xc
.p
ng
ps
_s
ol
_x
c.p
ng
ps
_q
ua
d_
xc
.p
ngSi
m
pl
e H
ar
m
on
ic
 O
sc
ill
at
or
Si
m
pl
e h
ar
m
on
ic
 o
sc
ill
at
io
ns
m
od
ifi
ed
 w
ith
 ad
di
tio
na
l 
ha
rm
on
ic
s d
ue
 to
 p
er
io
di
c 
fo
cu
s
Si
m
pl
e h
ar
m
on
ic
 o
sc
ill
at
io
ns
m
or
e s
tro
ng
ly
 m
od
ifi
ed
 d
ue
 
to
 p
er
io
di
c A
G 
fo
cu
s
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
8
4)
 T
hi
n 
Le
ns
 L
im
its
Co
nv
en
ie
nt
 to
 si
m
pl
y 
un
de
rs
ta
nd
 an
al
yt
ic
 sc
al
in
g 
Tr
an
sf
er
 M
at
rix
:
Gr
ap
hi
ca
l I
nt
er
pr
et
ati
on
:
th
in
_l
en
s_
in
ter
p.
pn
g
104
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
14
9
Th
e t
hi
n 
len
s l
im
it 
of
 “t
hi
ck
” h
ar
d-
ed
ge
 so
len
oi
d 
an
d 
qu
ad
ru
po
le 
fo
cu
sin
g 
la
tti
ce
s 
pr
es
en
ted
 ca
n 
be
 o
bt
ain
ed
 b
y 
ta
ki
ng
:
So
len
oi
ds
:
Q
ua
dr
up
ol
es
:
Th
is 
ob
ta
in
s w
he
n 
ap
pl
ie
d 
in
 th
e p
re
vi
ou
s f
or
m
ul
as
:
Th
es
e f
or
m
ul
as
 ca
n 
al
so
 b
e d
er
iv
ed
 d
ire
ct
ly
 fr
om
 th
e d
rif
t a
nd
 th
in
 le
ns
 tr
an
sf
er
 
m
at
ric
es
 as
Pe
rio
di
c S
ol
en
oi
d
Pe
rio
di
c Q
ua
dr
up
ol
e D
ou
bl
et
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
0
Ex
pa
nd
ed
 p
ha
se
 ad
va
nc
e f
or
m
ul
as
 (t
hi
n 
len
s t
yp
e l
im
it 
an
d 
sim
ila
r) 
ca
n 
be
 u
se
fu
l 
in
 sy
ste
m
 d
es
ig
n 
stu
di
es
 
De
sir
ab
le
 to
 d
er
iv
e s
im
pl
e f
or
m
ul
as
 re
la
tin
g 
m
ag
ne
t p
ar
am
et
er
s t
o 
- C
le
ar
 an
aly
tic
 sc
ali
ng
 tr
en
ds
 cl
ar
ify
 d
es
ig
n 
tra
de
-o
ffs
Fo
r h
ar
d 
ed
ge
 p
er
io
di
c l
at
tic
es
, e
xp
an
d 
fo
rm
ul
a f
or
   
   
   
   
   
to
 le
ad
in
g 
or
de
r 
in
///
 E
xa
m
pl
e:
 P
er
io
di
c Q
ua
dr
up
ol
e D
ou
bl
et
 F
oc
us
in
g:
 E
xp
an
d 
pr
ev
io
us
 fo
rm
ul
a 
wh
er
e:
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
1
Us
in
g 
th
es
e r
es
ul
ts,
 p
lo
t t
he
 F
ie
ld
 G
ra
di
en
t a
nd
 In
teg
ra
te
d 
G
ra
di
en
t f
or
 
qu
ad
ru
po
le 
do
ub
let
 fo
cu
sin
g 
ne
ed
ed
 fo
r  
   
   
   
   
   
  p
er
 la
tti
ce
 p
er
io
d 
///
Gr
ad
ien
t ~
In
te
gr
ate
d 
Gr
ad
ie
nt
 ~
str
en
gt
h_
sc
al
e.p
ng
Ex
ac
t (
no
n-
ex
pa
nd
ed
) s
ol
ut
io
ns
 p
lo
tte
d 
da
sh
ed
 (a
lm
os
t o
ve
rla
y)
Gr
ad
ie
nt
 an
d 
in
teg
ra
ted
 g
ra
di
en
t r
eq
ui
re
d 
de
pe
nd
 o
nl
y 
w
ea
kl
y 
on
 sy
nc
op
ati
on
 
fa
cto
r  
   
  w
he
n 
   
   
is 
ne
ar
 ½
 S
tro
ng
er
 g
ra
di
en
t r
eq
ui
re
d 
fo
r l
ow
 o
cc
up
an
cy
   
   
 b
ut
 in
teg
ra
te
d 
gr
ad
ien
t 
va
rie
s l
itt
le
 w
ith
   
 
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
2
A
pp
en
di
x 
C:
 C
al
cu
la
tio
n 
of
 2
((
) f
ro
m
 P
rin
ci
pa
l O
rb
it 
Fu
nc
tio
ns C1
Ev
alu
ate
 p
rin
cip
al 
or
bi
t e
xp
re
ss
io
ns
 o
f t
he
 tr
an
sf
er
 m
atr
ix
 th
ro
ug
h 
on
e l
at
tic
e 
pe
rio
d 
us
in
g
an
d
to
 o
bt
ain
 (s
ee
 p
rin
ci
pa
l o
rb
it 
fo
rm
ul
as
 ex
pr
es
se
d 
in
 p
ha
se
-a
m
pl
itu
de
 fo
rm
):
105
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
3
Gi
vi
ng
:
Or
 in
 te
rm
s o
f t
he
 b
eta
tro
n 
fo
rm
ul
ati
on
 (s
ee
: S
7 
an
d 
S8
) w
ith
Ne
xt
, c
alc
ul
ate
 w
 fr
om
 th
e p
rin
cip
al 
or
bi
t e
xp
re
ss
io
n 
in
 p
ha
se
-a
m
pl
itu
de
 fo
rm
: C
2
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
4
Sq
ua
re
 an
d 
ad
d 
eq
ua
tio
ns
:
Gi
ve
s: T
hi
s r
es
ul
t r
ef
le
cts
 th
e s
tru
ctu
re
 o
f t
he
 u
nd
er
ly
in
g 
Co
ur
an
t-S
ny
de
r i
nv
ar
ia
nt
 
(se
e:
 S
7)
Us
e  
   
   
   
   
   
pr
ev
io
us
ly
 id
en
tif
ied
 an
d 
wr
ite
 o
ut
 re
su
lt:
 F
or
m
ul
a s
ho
ws
 th
at 
fo
r a
 g
iv
en
   
   
 (u
se
d 
to
 sp
ec
ify
 la
tti
ce
 fo
cu
sin
g 
str
en
gt
h)
, 
2
"(
# i
s g
iv
en
 b
y 
tw
o 
lin
ea
r p
rin
ci
pa
l o
rb
its
 ca
lc
ul
at
ed
 o
ve
r o
ne
 la
tti
ce
 p
er
io
d
- E
as
y 
to
 ap
pl
y 
nu
m
er
ic
all
y
C3
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
5
An
 al
te
rn
ati
ve
 w
ay
 to
 ca
lc
ul
ate
 2
"(
#%
is 
as
 fo
llo
ws
.  
 1
st  a
pp
ly
 th
e p
ha
se
-a
m
pl
itu
de
 
fo
rm
ul
as
 fo
r t
he
 p
rin
cip
al 
or
bi
t f
un
ct
io
ns
 w
ith
:
Fo
rm
ul
a r
eq
ui
re
s c
al
cu
lat
io
n 
of
   
   
   
   
   
   
   
   
 at
 ev
er
y 
va
lu
e o
f (
"w
ith
in
 
lat
tic
e p
er
io
d
Pr
ev
io
us
 fo
rm
ul
a r
eq
ui
re
s o
ne
 ca
lcu
la
tio
n 
of
   
   
   
   
   
fo
r  
   
   
   
   
   
   
   
   
   
   
  a
nd
 an
y 
va
lu
e o
f 
C4
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
6
M
at
rix
 al
ge
br
a c
an
 b
e a
pp
lie
d 
to
 si
m
pl
ify
 th
is 
re
su
lt:
Us
in
g 
th
is 
re
su
lt 
wi
th
 th
e p
re
vi
ou
s f
or
m
ul
a a
llo
ws
 th
e t
ra
ns
fe
r m
at
rix
 to
 b
e 
ca
lcu
lat
ed
 o
nl
y 
on
ce
 p
er
 p
er
io
d 
fro
m
 an
y 
in
iti
al
 co
nd
iti
on
Us
in
g:
 
A
pp
ly
 W
ro
ns
ki
an
 
co
nd
iti
on
:
Th
e m
atr
ix
 fo
rm
ul
a c
an
 b
e s
ho
wn
 to
 th
e e
qu
iv
al
en
t t
o 
th
e p
re
vi
ou
s o
ne
M
eth
od
ol
og
y 
ap
pl
ied
 in
: L
un
d,
 C
hi
lto
n,
 an
d 
Le
e, 
PR
ST
A
B 
9 0
64
20
1 
(2
00
6)
   
to
  c
on
str
uc
t a
 fa
il-
sa
fe
 it
er
at
iv
e m
at
ch
ed
 en
ve
lo
pe
 in
cl
ud
in
g 
sp
ac
e-
ch
ar
ge
 C
5
la
t_
in
ter
va
l.p
ng
106
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
7
S7
: H
ill
's 
Eq
ua
tio
n:
  T
he
 C
ou
ra
nt
-S
ny
de
r I
nv
ar
ia
nt
 an
d 
 S
in
gl
e P
ar
tic
le
 E
m
itt
an
ce
S7
A:
 In
tro
du
cti
on
Co
ns
ta
nt
s o
f t
he
 m
ot
io
n 
ca
n 
sim
pl
ify
 th
e i
nt
er
pr
et
at
io
n 
of
 d
yn
am
ic
s i
n 
ph
ys
ic
s
De
sir
ab
le
 to
 id
en
tif
y 
co
ns
ta
nt
s o
f m
ot
io
n 
fo
r H
ill
's 
eq
ua
tio
n 
fo
r i
m
pr
ov
ed
 
un
de
rs
tan
di
ng
 o
f f
oc
us
in
g 
in
 ac
ce
ler
ato
rs
Co
ns
ta
nt
s o
f t
he
 m
ot
io
n 
ar
e n
ot
 im
m
ed
iat
ely
 o
bv
io
us
 fo
r H
ill
's 
Eq
ua
tio
n 
du
e 
to
 s-
va
ry
in
g 
fo
cu
sin
g 
fo
rc
es
 re
lat
ed
 to
   
   
   
 ca
n 
ad
d 
an
d 
re
m
ov
e e
ne
rg
y 
fro
m
 
th
e p
ar
tic
le
- W
ro
ns
ki
an
 sy
m
m
etr
y 
is 
on
e u
se
fu
l s
ym
m
et
ry
 
- A
re
 th
er
e o
th
er
 sy
m
m
etr
ies
?
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
8
///
 Il
lu
str
ati
ve
 E
xa
m
pl
e:
  C
on
tin
uo
us
 F
oc
us
in
g/
Si
m
pl
e H
ar
m
on
ic
 O
sc
ill
ato
r
Eq
ua
tio
n 
of
 m
ot
io
n:
Co
ns
ta
nt
 o
f m
ot
io
n 
is 
th
e w
el
l-k
no
w 
Ha
m
ilt
on
ia
n/
En
er
gy
:
///
wh
ich
 sh
ow
s t
ha
t t
he
 p
ar
tic
le 
m
ov
es
 o
n 
an
 el
lip
se
 in
 x
-x
' p
ha
se
-s
pa
ce
 w
ith
:
Lo
ca
tio
n 
of
 p
ar
tic
le 
on
 el
lip
se
 se
t b
y 
in
iti
al 
co
nd
iti
on
s
A
ll 
in
iti
al 
co
nd
iti
on
s w
ith
 sa
m
e e
ne
rg
y/
H 
gi
ve
 sa
m
e e
lli
ps
e
cf
_p
s_
el
lip
se
.p
ng
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
15
9
Qu
es
tio
n:
Fo
r H
ill
's 
eq
ua
tio
n:
do
es
 a 
qu
ad
ra
tic
 in
va
ria
nt
 ex
ist
 th
at 
ca
n 
ai
d 
in
ter
pr
et
at
io
n 
of
 th
e d
yn
am
ics
?
An
sw
er
 w
e w
ill
 fi
nd
:
Ye
s, 
th
e C
ou
ra
nt
-S
ny
de
r i
nv
ar
ia
nt
Co
m
m
en
ts:
V
er
y 
im
po
rta
nt
 in
 ac
ce
ler
ato
r p
hy
sic
s 
- H
elp
s i
nt
er
pr
et
at
io
n 
of
 li
ne
ar
 d
yn
am
ics
 
N
am
ed
 in
 h
on
or
 o
f C
ou
ra
nt
 an
d 
Sy
nd
er
 w
ho
 p
op
ul
ar
ize
d 
it'
s u
se
 in
 
A
cc
ele
ra
to
r p
hy
sic
s w
hi
le
 co
-d
isc
ov
er
in
g 
al
ter
na
tin
g 
gr
ad
ie
nt
 (A
G)
 fo
cu
sin
g 
in
 a 
sin
gl
e s
em
in
al 
(a
nd
 v
er
y 
el
eg
an
t) 
pa
pe
r:
Co
ur
an
t a
nd
 S
ny
de
r, 
Th
eo
ry
 o
f t
he
 A
lte
rn
at
in
g 
Gr
ad
ien
t S
yn
ch
ro
tro
n,
  
A
nn
als
 o
f P
hy
sic
s 3
, 1
 (1
95
8)
. 
 
- C
hr
ist
of
ol
os
 al
so
 u
nd
er
sto
od
 A
G
 fo
cu
sin
g 
in
 th
e s
am
e p
er
io
d 
us
in
g 
a 
  m
or
e h
eu
ris
tic
 an
al
ys
is
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
16
0
Th
e p
ha
se
 am
pl
itu
de
 m
eth
od
 d
es
cr
ib
ed
 in
 S
6 
m
ak
es
 id
en
tif
ica
tio
n 
of
 th
e i
nv
ar
ia
nt
 
ele
m
en
tar
y.
   
Us
e t
he
 p
ha
se
 am
pl
itu
de
 fo
rm
 o
f t
he
 o
rb
it:
w
he
re
 
sq
ua
re
 an
d 
ad
d 
th
e e
qu
ati
on
s t
o 
ob
tai
n 
th
e C
ou
ra
nt
-S
ny
de
r i
nv
ar
ian
t:
Re
-a
rra
ng
e t
he
 p
ha
se
-a
m
pl
itu
de
 tr
aje
ct
or
y 
eq
ua
tio
ns
:
S7
B:
 D
er
iv
at
io
n 
of
 C
ou
ra
nt
-S
ny
de
r I
nv
ar
ian
t
107
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
16
1
Co
m
m
en
ts 
on
 th
e C
ou
ra
nt
-S
ny
de
r I
nv
ar
ian
t: 
Si
m
pl
ifi
es
 in
ter
pr
et
ati
on
 o
f d
yn
am
ics
 (w
ill
 sh
ow
 h
ow
 sh
or
tly
)
Ex
te
ns
iv
ely
 u
se
d 
in
 ac
ce
ler
ato
r p
hy
sic
s 
Q
ua
dr
at
ic 
str
uc
tu
re
 in
 !!
!'
 d
ef
in
es
 a 
ro
ta
ted
 el
lip
se
 in
 !!
!'
 p
ha
se
 sp
ac
e. 
Be
ca
us
e 
   
th
e C
ou
ra
nt
-S
ny
de
r i
nv
ar
ian
t c
an
 b
e a
lte
rn
ati
ve
ly
 ex
pr
es
se
d 
as
:
Ca
nn
ot
 b
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pr
et
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co
ns
er
ve
d 
en
er
gy
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Th
e p
oi
nt
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at 
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e C
ou
ra
nt
-S
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de
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nv
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t i
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ot
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ns
er
ve
d 
en
er
gy
 sh
ou
ld
 b
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ela
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te
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f m
ot
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Ap
pl
y 
th
e c
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En
er
gy
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ed
” o
sc
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ato
r w
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  i
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ot
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En
er
gy
 sh
ou
ld
 n
ot
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e c
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se
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 th
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nt
-S
ny
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y 
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f m
ot
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///
 A
sid
e: 
 O
nl
y 
fo
r t
he
 sp
ec
ia
l c
as
e o
f c
on
tin
uo
us
 fo
cu
sin
g 
(i.
e.,
 a 
sim
pl
e 
Ha
rm
on
ic 
os
ci
lla
to
r) 
ar
e t
he
 C
ou
ra
nt
-S
ny
de
r i
nv
ar
ia
nt
 an
d 
en
er
gy
 si
m
pl
y 
re
lat
ed
:
Co
nt
in
uo
us
 F
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us
in
g:
2
 eq
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ur
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t-S
ny
de
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nv
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In
te
rp
re
t t
he
 C
ou
ra
nt
-S
ny
de
r i
nv
ar
ia
nt
:  
by
 ex
pa
nd
in
g 
an
d 
iso
la
tin
g 
ter
m
s q
ua
dr
ati
c t
er
m
s i
n 
!!
!'
 p
ha
se
-sp
ac
e v
ar
iab
les
:
Th
e t
hr
ee
 co
ef
fic
ie
nt
s  
in
 [.
..]
 ar
e f
un
ct
io
ns
 o
f 2
 an
d 
2
' o
nl
y 
an
d 
th
er
ef
or
e a
re
 
fu
nc
tio
ns
 o
f t
he
 la
tti
ce
 o
nl
y (
no
t p
ar
tic
le 
in
iti
al 
co
nd
iti
on
s).
   
Th
ey
 ar
e c
om
m
on
ly
 
ca
lle
d 
“T
w
iss
 P
ar
am
et
er
s”
 an
d 
ar
e e
xp
re
ss
ed
 d
en
ot
ed
 as
:
O
nl
y 
2 
of
 th
e t
hr
ee
 T
wi
ss
 p
ar
am
et
er
s a
re
 “i
nd
ep
en
de
nt
”
   
(i.
e.,
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, 2
) d
ete
rm
in
e a
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3)
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Th
e a
re
a o
f t
he
 in
va
ria
nt
 el
lip
se
 is
:
A
pp
ly
 st
an
da
rd
 fo
rm
ul
as
 fr
om
 A
na
ly
tic
 G
eo
m
etr
y 
or
 ca
lcu
la
te
wh
er
e  
   
is 
th
e s
in
gl
e-
pa
rti
cle
 em
itt
an
ce
:
Em
itt
an
ce
 is
 th
e a
re
a o
f t
he
 o
rb
it 
in
 !*
!' 
ph
as
e-
sp
ac
e d
iv
id
ed
 b
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Se
e p
ro
bl
em
 se
ts 
fo
r c
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ica
l p
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nt
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ul
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 A
sid
e: 
 E
m
itt
an
ce
 U
ni
ts 
an
d 
ch
oi
ce
s o
f d
ef
in
iti
on
:
///
! h
as
 d
im
en
sio
ns
 o
f l
en
gt
h 
an
d 
!' 
is 
a d
im
en
sio
nl
es
s a
ng
le.
  S
o 
!!
!' 
ph
as
e-
sp
ac
e 
ar
ea
 an
d 
   
  h
as
 d
im
en
sio
ns
 [[
   
 ]]
 =
 le
ng
th
.  
A 
co
m
m
on
 ch
oi
ce
 o
f u
ni
ts 
is 
m
ill
im
ete
rs
 (m
m
) a
nd
 m
ill
ira
di
an
s (
m
ra
d)
,  
e.g
., 
Th
e d
ef
in
iti
on
 o
f t
he
 em
itt
an
ce
 em
pl
oy
ed
 is
 n
ot
 u
ni
qu
e a
nd
 d
iff
er
en
t w
or
ke
rs
 u
se
 
a w
id
e v
ar
iet
y 
of
 sy
m
bo
ls.
  S
om
e c
om
m
on
 n
ot
ati
on
al
 ch
oi
ce
s:
W
rit
e t
he
 em
itt
an
ce
 v
alu
es
 in
 u
ni
ts 
wi
th
 a 
   
 , 
e.g
., 
U
se
 ca
ut
io
n!
  U
nd
er
sta
nd
 co
nv
en
tio
ns
 b
ei
ng
 u
se
d 
be
fo
re
 ap
pl
yi
ng
 re
su
lts
!
SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
16
7
Pr
op
er
tie
s o
f C
ou
ra
nt
-S
ny
de
r I
nv
ar
ia
nt
:
Th
e e
lli
ps
e w
ill
 ro
tat
e a
nd
 ch
an
ge
 sh
ap
e a
s t
he
 p
ar
tic
le 
ad
va
nc
es
 th
ro
ug
h 
th
e 
fo
cu
sin
g 
lat
tic
e, 
bu
t t
he
 in
sta
nt
an
eo
us
 ar
ea
 o
f t
he
 el
lip
se
 ( 
   
   
   
   
   
   
   
 ) 
re
m
ain
s c
on
sta
nt
.
Th
e l
oc
at
io
n 
of
 th
e p
ar
tic
le 
on
 th
e e
lli
ps
e a
nd
 th
e s
ize
 (a
re
a)
 o
f t
he
 el
lip
se
 
de
pe
nd
s o
n 
th
e i
ni
tia
l c
on
di
tio
ns
 o
f t
he
 p
ar
tic
le
.
Th
e o
rie
nt
at
io
n 
of
 th
e e
lli
ps
e i
s i
nd
ep
en
de
nt
 o
f t
he
 p
ar
tic
le
 in
iti
al
 co
nd
iti
on
s. 
 
A
ll 
pa
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cle
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ov
e o
n 
ne
ste
d 
el
lip
se
s. 
  
Q
ua
dr
at
ic 
in
 th
e !
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' p
ha
se
-sp
ac
e c
oo
rd
in
ate
s, 
bu
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s n
ot
 th
e t
ra
ns
ve
rs
e p
ar
tic
le
 
en
er
gy
 (w
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 is
 n
ot
 co
ns
er
ve
d)
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Th
e C
ou
ra
nt
-S
ny
de
r i
nv
ar
ia
nt
 h
elp
s u
s u
nd
er
sta
nd
 th
e p
ha
se
-s
pa
ce
 ev
ol
ut
io
n 
of
 
th
e p
ar
tic
les
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Kn
ow
in
g 
ho
w 
th
e e
lli
ps
e t
ra
ns
fo
rm
s (
tw
ist
s a
nd
 ro
tat
es
 w
ith
ou
t 
ch
an
gi
ng
 ar
ea
) i
s e
qu
iv
ale
nt
 to
 k
no
w
in
g 
th
e d
yn
am
ics
 o
f a
 b
un
dl
e o
f p
ar
tic
le
s. 
 
To
 se
e t
hi
s:
G
en
er
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iti
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:
Ap
pl
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th
e c
om
po
ne
nt
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f t
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or
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:
In
ve
rt 
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atr
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ap
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In
se
rt 
ex
pa
ns
io
n 
fo
r  
   
   
   
  i
n 
th
e i
ni
tia
l e
lli
ps
e e
xp
re
ss
io
n,
 co
lle
ct 
fa
cto
rs
 o
f !
^2
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!!
', a
nd
 !'
^2
, a
nd
 eq
ua
te 
to
 g
en
er
al
 ( 
el
lip
se
 ex
pr
es
sio
n:
Co
lle
ct 
co
ef
fic
ien
ts 
of
 !^
2,
 !!
', a
nd
 !'
^2
 an
d 
su
m
m
ar
ize
 in
 m
atr
ix
 fo
rm
:
Th
is 
re
su
lt 
ca
n 
be
 ap
pl
ie
d 
to
 il
lu
str
at
e h
ow
 a 
bu
nd
le 
of
 p
ar
tic
le
s w
ill
 ev
ol
ve
 fr
om
 
an
 in
iti
al 
lo
ca
tio
n 
in
 th
e l
att
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 su
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ec
t t
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th
e l
in
ea
r f
oc
us
in
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op
tic
s i
n 
th
e m
ac
hi
ne
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in
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on
ly
 p
rin
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or
bi
ts 
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"an
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Pr
in
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its
 w
ill
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en
er
all
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ne
ed
 to
 b
e c
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cu
la
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 n
um
er
ica
lly
 
- I
nt
ui
tio
n 
ca
n 
be
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lt 
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 u
sin
g 
sim
pl
e a
na
ly
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al
 re
su
lts
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ar
d 
ed
ge
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 E
xa
m
pl
e: 
 E
lli
ps
e E
vo
lu
tio
n 
in
 a 
sim
pl
e k
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ke
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fo
cu
sin
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la
tti
ce
///
Dr
ift
:
Th
in
 L
en
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fo
ca
l l
en
gt
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Fo
r f
ur
th
er
 ex
am
pl
es
 o
f p
ha
se
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e e
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S8
: H
ill
's 
Eq
ua
tio
n:
  T
he
 B
et
atr
on
 F
or
m
ul
at
io
n 
of
 th
e P
ar
tic
le
 O
rb
it 
an
d 
M
ax
im
um
 O
rb
it 
Ex
cu
rs
io
ns
   
 S
8A
: F
or
m
ul
ati
on
Th
e p
ha
se
-a
m
pl
itu
de
 fo
rm
 o
f t
he
 p
ar
tic
le 
or
bi
t a
na
ly
ze
d 
in
 S
6 
of
is 
no
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 u
ni
qu
e c
ho
ic
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 H
er
e, 
w
 h
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 d
im
en
sio
ns
 ((
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))
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,-
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/#
0
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23
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wh
ich
 ca
n 
re
nd
er
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 in
co
nv
en
ien
t i
n 
ap
pl
ica
tio
ns
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 D
ue
 to
 th
is 
an
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th
e u
til
ity
 o
f t
he
 T
w
iss
 
pa
ra
m
ete
rs
 u
se
d 
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 d
es
cr
ib
in
g 
or
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io
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 th
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wi
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e C
ou
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nt
-S
ny
de
r i
nv
ar
ia
nt
 (s
ee
: S
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 o
n 
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ich
 th
e p
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tic
le 
m
ov
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, i
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co
nv
en
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t t
o 
de
fin
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al
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na
tiv
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Be
ta
tro
n 
re
pr
es
en
ta
tio
n 
of
 th
e o
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it 
wi
th
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Be
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tro
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fu
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tio
n:
Em
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an
ce
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Ph
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e:
Th
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fu
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s d
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Co
m
m
en
ts:
Us
e o
f t
he
 sy
m
bo
l  
   
 fo
r t
he
 b
eta
tro
n 
fu
nc
tio
n 
do
es
 n
ot
 re
su
lt 
in
 co
nf
us
io
n 
wi
th
 re
lat
iv
ist
ic 
fa
cto
rs
 su
ch
 as
   
   
 si
nc
e t
he
 co
nt
ex
t o
f u
se
 w
ill
 m
ak
e c
le
ar
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Re
la
tiv
ist
ic 
fa
ct
or
s o
fte
n 
ab
so
rb
ed
 in
 la
tti
ce
 fo
cu
sin
g 
fu
nc
tio
n 
   
   
 an
d 
do
 n
ot
 d
ire
ctl
y 
ap
pe
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 in
 th
e d
yn
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ica
l d
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ip
tio
ns
 
Th
e i
ni
tia
l p
ha
se
   
   
 w
ill
 d
iff
er
er
 in
 th
e w
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nd
 b
eta
tro
n 
ph
as
e-
am
pl
itu
de
 
fo
rm
s i
n 
or
de
r t
o 
m
at
ch
 in
iti
al 
co
nd
iti
on
s i
n 
! a
nd
 !'
 at
  
- W
e d
o 
no
t d
ist
in
gu
ish
 fo
r r
ea
so
ns
 o
f n
ot
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on
al
 si
m
pl
ic
ity
 
Th
e c
ha
ng
e i
n 
ph
as
e  
   
   
   
is 
th
e s
am
e f
or
 b
ot
h 
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rm
ul
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io
ns
:
Ad
d 
m
ate
ria
l o
n 
in
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al 
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nd
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rre
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e i
n 
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tu
re
 ed
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on
s o
f n
ot
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Fr
om
 th
e e
qu
ati
on
 fo
r 2
:
th
e b
et
atr
on
 fu
nc
tio
n 
is 
de
sc
rib
ed
 b
y:
Th
e b
eta
tro
n 
fu
nc
tio
n 
ca
n,
 an
alo
go
us
ly
 to
 th
e 2
-fu
nc
tio
n,
 as
 a 
sp
ec
ial
 fu
nc
tio
n 
de
fin
ed
 b
y 
th
e p
er
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c l
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tic
e
A
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in
, t
he
 eq
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tio
n 
is 
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nd
 m
us
t g
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be
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SM
 L
un
d,
 U
SP
AS
, J
un
e 2
00
8
Tr
an
sv
er
se
 P
ar
tic
le
 E
qu
at
io
ns
17
4
Fr
om
 th
e o
rb
it 
eq
ua
tio
n
th
e m
ax
im
um
 an
d 
m
in
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um
 p
os
sib
le 
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rti
cl
e e
xc
ur
sio
ns
 o
cc
ur
 w
he
re
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Th
us
, t
he
 m
ax
 ra
di
al
 ex
te
nt
 o
f a
ll 
pa
rti
cl
e o
sc
ill
at
io
ns
   
   
   
   
   
   
   
   
   
 in
 th
e b
ea
m
 
di
str
ib
ut
io
n 
oc
cu
rs
 fo
r t
he
 p
ar
tic
le
 w
ith
 th
e m
ax
 si
ng
le 
pa
rti
cle
 em
itt
an
ce
 si
nc
e t
he
 
pa
rti
cle
s m
ov
e o
n 
ne
ste
d 
ell
ip
se
s:
As
su
m
es
 su
ffi
cie
nt
 n
um
be
rs
 o
f p
ar
tic
les
 to
 p
op
ul
ate
 al
l p
os
sib
le 
ph
as
es
   
   
  c
or
re
sp
on
ds
 to
 th
e m
in
 p
os
sib
le
 m
ac
hi
ne
 ap
er
tu
re
 to
 
pr
ev
en
t p
ar
tic
le
 lo
ss
es
- P
ra
cti
ca
l a
pe
rtu
re
 ch
oi
ce
 in
flu
en
ce
d 
by
: r
es
on
an
ce
 ef
fe
cts
 d
ue
 to
 
no
nl
in
ea
r a
pp
lie
d 
fie
ld
s, 
sp
ac
e-
ch
ar
ge
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 fi
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te 
pa
rti
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e l
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.
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Fr
om
:
Co
m
m
en
ts:
Eq
ua
tio
n 
is 
an
alo
go
us
 to
 th
e s
tat
ist
ica
l e
nv
elo
pe
 eq
ua
tio
n 
de
riv
ed
 b
y 
J.J
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Ba
rn
ar
d 
in
 th
e I
nt
ro
 L
ec
tu
re
s w
he
n 
a s
pa
ce
-c
ha
rg
e t
er
m
 is
 ad
de
d 
an
d 
th
e m
ax
 
sin
gl
e p
ar
tic
le 
em
itt
an
ce
 is
 in
ter
pr
et
ed
 as
 a 
sta
tis
tic
al 
em
itt
an
ce
- c
or
re
sp
on
de
nc
e w
ill
 b
ec
om
e m
or
e c
on
cr
ete
 in
 la
te
r l
ec
tu
re
s
Th
is 
co
rre
sp
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de
nc
e w
ill
 b
e d
ev
el
op
ed
 m
or
e e
xt
en
siv
el
y 
in
 la
ter
 le
ct
ur
es
 o
n 
Tr
an
sv
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se
 C
en
tro
id
 an
d 
En
ve
lo
pe
 D
es
cr
ip
tio
ns
 o
f B
ea
m
 E
vo
lu
tio
n 
an
d 
   
 T
ra
ns
ve
rs
e E
qu
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iu
m
 D
ist
rib
ut
io
ns
W
e i
m
m
ed
iat
el
y 
ob
tai
n 
an
 eq
ua
tio
n 
fo
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he
 m
ax
im
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 lo
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en
ve
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f r
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S9
: M
om
en
tu
m
 S
pr
ea
d 
Ef
fe
cts
 an
d 
Be
nd
in
g
S9
A:
 F
or
m
ul
ati
on
Ex
ce
pt
 fo
r b
rie
f d
ig
re
ss
io
ns
 in
 S
1 
an
d 
S4
, w
e h
av
e c
on
ce
nt
ra
ted
 o
n 
pa
rti
cl
e 
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na
m
ics
 w
he
re
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l p
ar
tic
le
s h
av
e t
he
 d
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ig
n 
lo
ng
itu
di
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l m
om
en
tu
m
:
Re
al
ist
ic
all
y,
 th
er
e w
ill
 al
w
ay
s b
e a
 fi
ni
te
 sp
re
ad
 o
f p
ar
tic
le 
m
om
en
tu
m
 w
ith
in
 a 
be
am
 sl
ice
, s
o 
we
 ta
ke
:
Ty
pi
ca
l v
alu
es
 o
f m
om
en
tu
m
 sp
re
ad
 in
 a 
be
am
 w
ith
 a 
sin
gl
e s
pe
cie
s o
f p
ar
tic
le
s 
wi
th
 co
nv
en
tio
na
l s
ou
rc
es
 an
d 
ac
ce
le
ra
tin
g 
str
uc
tu
re
s:
Th
e s
pr
ea
d 
of
 p
ar
tic
le 
m
om
en
tu
m
 ca
n 
m
od
ify
 p
ar
tic
le
 o
rb
its
, p
ar
tic
ul
ar
ly
 w
he
n 
di
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le
 b
en
ds
 ar
e p
re
se
nt
 si
nc
e t
he
 b
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d 
ra
di
us
 d
ep
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ds
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ng
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 o
n 
th
e p
ar
tic
le 
m
om
en
tu
m
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To
 b
et
ter
 u
nd
er
sta
nd
 th
is 
ef
fe
ct,
 w
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na
ly
ze
 th
e p
ar
tic
le 
eq
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tio
ns
 o
f m
ot
io
n 
w
ith
 
lea
di
ng
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rd
er
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om
en
tu
m
 sp
re
ad
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ee
: S
1)
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 re
tai
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Ne
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ith
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ha
se
-sp
ac
e d
im
en
sio
n 
7
%p
ra
cti
ca
lly
 li
m
its
 
wh
at 
ca
n 
be
 si
m
ul
ate
d 
on
 d
ire
ct
 V
la
so
v 
m
od
els
 w
ith
 re
as
on
ab
le 
re
so
lu
tio
n 
ev
en
 
on
 la
rg
e p
ar
al
lel
 co
mp
ut
er
s:
Irr
eg
ul
ar
 p
ha
se
-sp
ac
e g
rid
s t
ha
t p
lac
e r
es
ol
ut
io
n 
w
he
re
 it
 is
 n
ee
de
d 
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n 
pa
rti
all
y 
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ev
ia
te 
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 p
ro
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em
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al 
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eth
od
s m
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lso
 o
nl
y 
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 m
in
im
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ac
e e
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er
io
r t
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e o
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ill
at
in
g 
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re
 in
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at
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 G
rid
de
d 
Fi
eld
:
Re
qu
ire
d 
m
em
or
y 
fo
r a
 g
rid
de
d 
fie
ld
 so
lv
e d
ep
en
ds
 o
n 
th
e c
las
s o
f f
iel
d 
so
lv
e 
(e
le
ctr
os
ta
tic
, e
lec
tro
m
ag
ne
tic
), 
m
es
h 
siz
e, 
an
d 
nu
m
er
ic
al 
m
eth
od
 em
pl
oy
ed
.  
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r a
 co
nc
re
te 
ill
us
tra
tio
n,
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ns
id
er
 el
ec
tro
sta
tic
 p
ro
bl
em
s u
sin
g 
a s
im
pl
e F
FT
 
fie
ld
 so
lv
e:
Di
sc
re
te 
Fo
ur
ier
 T
ra
ns
fo
rm
 co
m
pl
ex
, b
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an
sf
or
m
 is
 o
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ea
l f
un
cti
on
s. 
 
Pr
op
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 o
pt
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iz
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lo
w
s u
se
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f t
ra
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fo
rm
s u
sin
g 
on
ly
 re
al 
   
   
 an
d 
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ra
ys
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ec
tri
c f
iel
d 
is 
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pi
ca
lly
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ot
 st
or
ed
 an
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lcu
la
ted
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r e
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h 
pa
rti
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 n
ee
de
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tia
l g
rid
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ca
tio
n 
ne
ed
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ot
 b
e s
to
re
d.
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om
e m
eth
od
s s
to
re
 g
rid
de
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to
 o
pt
im
iz
e s
pe
cif
ic
 p
ro
bl
em
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em
or
y 
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 *
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%-
'0
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te
s 
-
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 =
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r m
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po
in
ts 
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el
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ia
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r o
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at
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f m
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e d
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d 
so
lv
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ct
ur
e o
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h
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en
er
al
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e c
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pt
im
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 ef
fic
ie
nc
y 
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e n
ex
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ec
tio
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lv
er
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gh
er
 d
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en
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pl
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 m
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itu
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 G
en
er
al 
Co
de
 O
ve
rh
ea
d:
Sy
ste
m
 m
em
or
y 
is 
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 u
se
d 
fo
r:
Sc
ra
tc
h 
ar
ra
ys
 fo
r v
ar
io
us
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um
er
ica
l m
et
ho
ds
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iel
ds
ol
ve
rs
, m
ov
er
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etc
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ry
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cu
m
ul
at
io
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 o
f d
iag
no
sti
c m
om
en
ts
Di
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sti
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ou
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G
ra
ph
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ge
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s c
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 b
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r e
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PI
C:
 
To
t M
em
or
y 
=%
5
 *
 ( 
-
1
%6
%7
  +
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 *
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-
1
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 +
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or
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te
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ac
ter
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se
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f c
od
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eth
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pl
oy
ed
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t t
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ra
ng
e 1
 M
B 
– 
20
 M
By
tes
Re
m
in
de
r: 
M
ac
hi
ne
 fa
st 
m
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) c
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 b
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 d
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e c
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 d
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en
d 
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fa
ct
or
s i
nc
lu
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 p
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f p
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 m
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l m
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at
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r s
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t p
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e f
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e o
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 b
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m
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ar
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e c
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e c
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 b
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m
pl
oy
ed
 in
 te
rm
s o
f: 
" &
";
1
%=
 T
im
e f
or
 an
 “o
rd
in
ar
y”
 ru
n 
ste
p
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e c
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pe
nt
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ld
 b
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e c
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ul
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ru
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tim
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 b
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. c
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e o
nl
y 
ex
ec
ut
ed
 in
fre
qu
en
tly
. H
ow
ev
er
:
Di
ag
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f d
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s c
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 b
e u
se
fu
l t
o 
be
st 
un
de
rs
ta
nd
 w
he
re
 “b
ot
tle
ne
ck
s”
 
oc
cu
r s
o 
ef
fo
rt 
on
 o
pt
im
iz
ati
on
 ca
n 
be
 ap
pr
op
ria
te
ly
 d
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l t
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en
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e c
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e t
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e t
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all
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m
e r
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m
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cl
es
 if
 fa
st 
gr
id
de
d 
m
et
ho
ds
 ar
e a
pp
lie
d 
(li
ke
 F
FT
 b
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s c
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m
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 re
qu
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ru
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d
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W
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l f
ra
cti
on
 o
f p
ar
tic
le
 m
ov
in
g
FF
T 
w
ith
 C
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r d
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m
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ov
in
g 
ev
en
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st,
 g
rid
de
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m
eth
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Fi
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so
lv
e e
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 o
pt
im
ize
 ru
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tim
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W
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 ca
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 m
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 so
lv
es
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r P
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e g
en
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e f
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 D
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ul
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io
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ro
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e p
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e p
ha
se
 sp
ac
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r m
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t c
an
 b
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 d
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 d
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de
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fie
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ra
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e m
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l C
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Pr
ob
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s m
ay
 b
e s
im
ul
at
ed
 o
n:
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 S
er
ial
 M
ac
hi
ne
s 
Si
ng
le
 p
ro
ce
ss
or
 o
r a
n 
in
de
pe
nd
en
tly
 ru
n 
pr
oc
es
so
r o
n 
a m
ul
ti-
pr
oc
es
so
r 
m
ac
hi
ne
 (e
xa
m
pl
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m
os
t p
re
se
nt
 m
ul
ti-
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or
e”
 p
ro
ce
ss
or
s)
2)
 P
ar
all
el
 M
ac
hi
ne
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ul
ti-
pr
oc
es
so
rs
 co
or
di
na
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 w
or
k 
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 a 
lar
ge
 si
ng
le 
pr
oc
es
so
r 
Us
ua
lly
 em
pl
oy
 in
de
pe
nd
en
t m
em
or
y 
fo
r e
ac
h 
pr
oc
es
so
r m
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in
g 
up
 th
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ac
hi
ne
 b
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m
et
im
es
 u
se
s s
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re
d 
m
em
or
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on
g 
pr
oc
es
so
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l m
ac
hi
ne
s r
ep
re
se
nt
 tr
ad
iti
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co
m
pu
ter
s (
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s w
or
ks
ta
tio
ns
, e
tc)
, w
he
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pa
ra
lle
l m
ac
hi
ne
s a
re
 g
en
er
all
y 
le
ss
 fa
m
ili
ar
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Ov
er
vi
ew
 o
f p
ar
all
el 
sim
ul
ati
on
s: 
In
 re
ce
nt
 y
ea
rs
 p
ar
all
el
 m
ac
hi
ne
s h
av
e s
ig
ni
fic
an
tly
 im
pr
ov
ed
 w
ith
 li
br
ar
ies
 th
at
 
all
ow
 m
or
e “
na
tu
ra
l” 
pr
ob
lem
 fo
rm
ul
at
io
n 
wi
th
 le
ss
 ef
fo
rt 
an
d 
th
ey
 ar
e e
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in
g 
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ni
fic
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tly
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er
 si
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ul
at
io
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 to
 b
e c
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d 
ou
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at
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pl
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hi
ne
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ar
in
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 d
at
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ou
nd
ar
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r f
iel
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ol
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Pr
ob
le
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s w
ith
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ia
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elo
ci
ty
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re
ad
 w
ill
 g
en
er
all
y 
re
qu
ire
 so
rti
ng
 o
f p
ar
tic
les
 
to
 m
ain
tai
n 
th
e l
oa
d 
ba
la
nc
e b
etw
ee
n 
pr
oc
es
so
rs
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ro
ce
ss
or
s s
ho
ul
d 
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ea
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 al
l p
er
fo
rm
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ua
l a
m
ou
nt
 o
f w
or
k 
sin
ce
 th
e 
slo
w
es
t w
ill
 d
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he
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 ti
m
e o
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te
p p
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 n
um
be
r
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al
 sp
ee
du
p 
les
s d
ue
 to
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ve
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ea
d 
in
 d
at
a t
ra
ns
fe
rs
 
- L
ac
k 
of
 id
ea
l l
oa
d 
ba
lan
ce
 ca
us
in
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pr
oc
es
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e p
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pr
om
ise
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ra
lle
l c
om
pu
te
rs
, t
he
 so
lu
tio
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of
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sti
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be
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ro
bl
em
s w
ith
 d
ire
ct 
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ot
 
gr
id
de
d)
 fi
el
ds
 re
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ain
s f
ar
 to
o 
la
rg
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 p
ro
bl
em
 to
 si
m
ul
ate
 w
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 p
re
se
nt
 co
pu
ter
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ste
m
s. 
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fo
r d
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ile
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sim
ul
ati
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w
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pu
ter
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ur
ce
s t
o 
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e 
m
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te
nt
 p
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sib
le.
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pl
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in
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 b
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sim
pl
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